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ABSTRACT 
 
One of the major causes of nonproductive time (NPT) and the resulting 
additional costs during drilling operations is lost circulation. The problem of lost 
circulation is an ever growing concern to the operators for several reasons, including the 
continuous depletion of reservoirs and the naturally occurring narrow drilling window 
due to an abnormally pressured interval or simply the low fracture pressure gradient of 
the formation rock. To deal with the issue of lost circulation, the concept of wellbore 
strengthening was introduced. The ultimate goal of this concept is to increase the drilling 
fluid pressure required to fracture the formation; thus, eliminating lost circulation and 
NPT and reducing the costs. Numerous wellbore strengthening techniques were created 
for this purpose over the years. Those techniques vary in their applicability to different 
scenarios and their effectiveness. Therefore, there is a clear need for a tool that will help 
to define the most suitable wellbore strengthening technique for a well-defined scenario.  
The model described in this study aims to provide a practical tool that evaluates 
and predicts the performance of wellbore strengthening techniques in practical 
situations. The wellbore strengthening techniques covered by the model use stress 
changes around the wellbore as the primary criteria for enhancing the fracture pressure 
and effectively enlarging the drilling window. The model uses geometric principles, 
basic rock mechanics data, linear elasticity plane stress theory, drilling fluid data, and 
geological data to evaluate and predict the performance of a wellbore strengthening 
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technique. Another important objective of the model is the proper selection of candidates 
for wellbore strengthening. To achieve that goal, the model creates all of the possible 
scenarios in terms of well placement, surface location, and trajectory based on the input 
data to emphasize the scenario that will yield maximum results using a specific wellbore 
strengthening technique. 
The use of the model is illustrated through the use of a case study. The results of 
the case study show practical advantages of applying the model in the well planning 
phase. The analysis performed using the model will demonstrate the applicability of a 
certain wellbore strengthening technique, the effectiveness of the technique, and the best 
parameters for the technique. Therefore, the analysis shows not only the best case 
scenario for applying a wellbore strengthening technique, but it also illustrates the cases 
where applying the technique should be avoided due to an expected unsatisfactory 
performance. 
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1. INTRODUCTION 
 
1.1 Wellbore Strengthening Definition 
 
The continuous depletion of hydrocarbon-bearing reservoirs coupled with the 
ever increasing depth of well target zones has led to new drilling challenges in the form 
of narrow drilling windows as illustrated in Fig. 1. The drilling window being referred to 
here is defined as the range of the drilling fluid pressure that is equal to or greater than 
the formation pore pressure to prevent flow from the reservoir, and less than the 
formation fracture pressure to avoid fracturing the formation. Abnormally pressured 
zones, fractured formations, and low-fracture-pressure gradient zones are all leading 
causes of the narrow drilling windows. Faced with this challenge, drillers are forced to 
restrict the wellbore pressure values to a small range with negligible margin for error. A 
number of techniques were created to help achieve this goal such as managed pressure 
drilling (Nas 2010). However, employing such techniques require additional equipment, 
additional personnel training and, as a result, additional costs. While these techniques are 
well proven, employing them is not economically viable in certain situations. 
2 
 
 
Fig. 1 - A general illustration of a drilling window (Mitchell et al. 2011). 
 
Wellbore strengthening is a concept encompassing various techniques aimed at 
dealing with wellbore instability and lost circulation and intended to eliminate the 
problem of a narrow drilling window instead of working around it and managing it. The 
basic idea behind this concept is to increase the fracture resistance of the formation rock 
being drilled.  The result is an additional margin in the drilling window to ensure that the 
fracture gradient limit of the drilling window is not exceeded by the equivalent 
circulating density (ECD) of the fluid in dynamic conditions. If successful, the fracture 
The drilling 
window varies 
with depth 
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gradient is sufficiently enhanced to allow for employing drilling fluid with a higher mud 
weight. 
Over the years, many different wellbore strengthening techniques have been 
developed.  These techniques are based on a variety of concepts and can be classified 
according to (Soroush et al. 2006) as follows: 
A. Bridging agents— increase the fracture resistance of the rock by sealing and 
plugging the fine fractures and consolidating the formation, including: 
1. Lost prevention material (LPM) with specific particle size 
2. Lost circulation material (LCM) blend 15/15/10 (Attong et al. 1995) 
3. Nanoparticles 
B. Cementing agents— increase the shear strength of the rock and include: 
1. Chemical grout 
2. Deformable, viscous, and cohesive systems (DVC) 
C. Gelling agents— create a membrane seal instead of bridging the pores by using 
noninvasive fluids (NIF), which are ultralow in solids 
D. Stress cage—enhance the wellbore tangential stress and increase the fracture 
gradient by employing a specially designed drilling fluid 
E. Resin treatments—consolidate weak rocks including: 
1. Formation consolidation and chemical casing method 
2. Water dispersible, aliphatic epoxy-resin system (WDR) 
F. Other emerging technologies—micro flux control and high-power laser. 
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1.2 Objectives 
 
This work focuses on a certain range of wellbore strengthening techniques. This 
range includes all of the wellbore strengthening techniques that use the stress state 
around the wellbore as the main criteria for enhancing the fracture gradient. These 
wellbore strengthening techniques include bridging agents and LCM, the stress cage 
concept, and wellbore drilling fluid temperature variations. 
The main goal of this work is to examine the performance of the defined 
wellbore strengthening techniques and predict the final results from implementing these 
techniques. The evaluation of their performance is based on geometric principles, basic 
rock mechanics data, linear elasticity plane stress theory, drilling fluid data, and 
geological data. A code and a user-friendly interface is created in VBA Excel® 
programming language based on the sets of data and principles listed previously in 
addition to the use of a recent and reputable numerical solution.    
The secondary objective in this work is to provide a practical and accessible tool 
to be used in evaluating and predicting the performance of a specific wellbore 
strengthening technique in a particular section of a well. The tool is intended to be used 
in the well planning phase on a well section expected to cause drilling troubles such as 
lost circulation and hole stability issues due to a narrow drilling window. It will help to 
determine the applicability of a particular wellbore strengthening technique. Another 
important goal is reducing the cost of drilling problems either by defining the most 
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applicable wellbore strengthening technique for the situation or by avoiding the use of a 
particular wellbore strengthening technique due to predicted poor performance. 
The final goal is to enable the proper selection of well candidates for wellbore 
strengthening based on a thorough study of different scenarios. These scenarios are 
created to reveal the best well candidate for wellbore strengthening in a certain field 
based on its placement, trajectory, and surface location. This method will help to obtain 
the maximum possible performance out of the selected wellbore strengthening 
techniques.  
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2. MODEL DESCRIPTION 
 
2.1 Model Introduction 
 
The purpose of this model is to combine the use of geometric principles, rock 
mechanics, linear elasticity plane stress theory and geological data to estimate the initial 
virgin fracture-pressure gradient in a certain section of a well. The model is then 
extended to evaluate the stress state and stress-related wellbore strengthening techniques 
through the use of recently available and reputable numerical solutions.  
This model relies primarily on the tangential (hoop stress) concept first described 
by (Kirsch 1898). The model is based on the concept that a fracture in a wellbore is first 
initiated when the effective tangential stress or hoop stress is reduced to zero by the 
wellbore pressure, provided the wellbore pressure overcomes the additional and usually 
marginal rock tensile strength. This concept is the main principle used to estimate the 
initial virgin fracture-pressure gradient and the affect. In the next step, fundamental 
wellbore parameters, including change in temperature due to the drilling fluid and 
wellbore rock contact and change in local pore pressure due to filtration are examined to 
illustrate their effect on tangential stress and, consequently, on the fracture-pressure 
gradient.  
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Another concept used in the model is the fracture propagation concept. 
According to this concept, an already initiated fracture can propagate when the wellbore 
pressure exceeds the minimum field stress and the additional fracture toughness. This the 
main basis for the wellbore strengthening techniques evaluation portion of the model.  
A programming code is created to combine these  concepts  into a single model 
that can be used to evaluate the wellbore strengthening (fracture-pressure gradient 
enhancement) potential and applicability in a particular section of a well specifically 
defined by its depth, pore pressure, in-situ stress, rock properties, inclination, azimuth, 
and position with respect to the in-situ stress field. 
 
2.2 In-Situ Stress Transformation 
 
2.2.1 In-Situ Stress Description 
For the purpose of quantifying the initial or virgin fracture-pressure gradient, the 
earth in-situ stresses are transformed to the wellbore coordinate system. First, the earth 
in-situ stresses need to be measured or estimated and described. Due to the fact that rock 
masses are rarely homogeneous as well as the fact that the state of the stress is the result 
of consequential past geological events, in-situ stresses are almost impossible to measure  
precisely and are always changing with time (Amadei et al. 1997a). Therefore, 
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estimating those stresses from stress versus depth relationships is a more common 
process than actually measuring them.  
 
 
Fig. 2 - The world in-situ stress map showing direction and magnitude of stresses 
(Tingay et al 2006).  
 
A good starting point for achieving the goal of describing in-situ stresses is to use 
a stress map of the region of interest. Through a stress map similar to the one shown in 
Fig. 2, the orientation of the horizontal stresses can be identified. Another good 
indication of the in-situ stress orientation is the direction of borehole breakout from well 
offset data. As shown in Fig. 3, breakouts in the borehole occur in the direction of the 
minimum horizontal stress while the induced fractures occur in the direction of the 
maximum horizontal stress. The location of such breakouts in the wellbore can be 
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obtained using various types of caliper logs and image logs. Well logs perform an 
important role in determining the magnitude of the in-situ stresses in addition to the 
orientation. Density logs provide useful data for estimating the vertical or overburden 
stress by calculating the vertical weight above the zone of interest. As for the magnitude 
of the two horizontal stresses, there are countless methods available for obtaining the 
magnitude of the two horizontal stresses. One method uses the overburden stress, pore 
pressure, and the Poisson’s ratio to calculate a single and theoretical nominal value for 
the horizontal stress as follows according to (Watson et al. 2003): 
σH =
v
1−v
(σV − Pp) + Pp……………………………...……………….…...…….(Eq. 2.1) 
 
 
Fig. 3 - The pattern of borehole breakout and induced fractures on reference to the 
direction of the earth in-situ stresses direction (Dupreist et al. 2008). 
10 
 
However, the method which uses equation 2.1 is insufficient, particularly in 
fields with high-horizontal stress anisotropy. A more accurate and practical method 
involves using borehole opening pressure from the available leakoff test data to estimate 
the minimum horizontal stress. It is noteworthy that the magnitude of the maximum 
horizontal stress is the one that usually has the highest uncertainty of the three in-situ 
stresses, especially when estimated from the hole ovality (deviation from a circular 
shape to an oval shape) and the degrees of breakout as illustrated in Fig. 4. This 
important because, considering the role of the maximum horizontal stress in the model 
that is going to be discussed later on, the uncertainty of its magnitude could be a major 
source of errors. 
 
 
Fig. 4 - The estimation of the maximum horizontal stress based on the shape of the 
borehole (Duffadar et al. 2013). 
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All of the aforementioned methods should suffice for the purpose of this model. 
However, it should be noted that the in-situ stress values supplied for the model are 
expected to be major sources of error and deviation from the actual field values for the 
simulated fracture-pressure gradient and the estimation of its enhancement. For the 
purpose of this model, the magnitude and orientation of the earth in-situ stresses are 
assumed to be provided. 
 
2.2.2 The Transformation to the Wellbore Coordinates 
The simplest case that the model considers is when the wellbore axis is parallel 
to the maximum in-situ stress, which in most cases is the vertical overburden pressure. 
In this case, the section of the well being considered is vertical and no in-situ stress 
transformation is required because all of the stresses, vertical and horizontal, are aligned 
conveniently with the wellbore axis. However, for the more common cases where the 
wellbore axis in the section being considered deviates at an angle of inclination from the 
maximum in-situ stress or the less common cases where the maximum in-situ stress is 
not the vertical overburden as in the shallower sections of the well, the stresses need to 
be converted or transformed to the wellbore coordinate system. This transformation 
enables the model to quantify the principle in-situ stress components in the direction of 
the wellbore axis in the form of converted stresses acting orthogonally to the wellbore. 
Fig. 5 shows the earth in-situ stresses on their original axis and transformed wellbore 
normal stresses on the wellbore axis. The figure also shows the specified location of the 
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wellbores with respect to the in-situ stress orientation. The angle γ describes the 
inclination of the wellbore as a deviation from the maximum in-situ stress and the angle 
β specifies the relationship between the maximum horizontal stress and the wellbore 
projection on the two horizontal stresses plane. Finally, the angle θ defines the 
circumferential position in the wellbore. 
 
 
Fig. 5 - The relationship between the in-situ stresses reference frame and the 
defined wellbore section reference frame (Watson et al. 2003). 
 
There are numerous techniques used to transform the stress to the desired 
coordinates. The technique that is related to the model is best described by (Daneshy 
Wellbore Direction Vector C 
σv 
Wellbore Inclination Angle 
σH σh 
Wellbore 
Projection 
Angle 
θ Wellbore Position Angle 
z 
x 
y 
z’ 
y’ 
x’ 
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1973) and (Richardson 1983). Using the angles and the coordinate systems described in 
Fig. 5, the relationship between the in-situ stress coordinates (x, y, z) and the wellbore 
coordinates (x’, y’, z’) can be established. C is the unit vector acting along the wellbore 
axis. The matrix [σ] defines the in-situ stress components to be transformed. What 
follows is Richardson’s transformation, slightly modified and applied to fit the purpose 
of the model.  
Considering that the transformation required here is for a nonbasic rotation, 
meaning there is more than one axis that needs to be shifted at an angle from the original 
coordinate system, the rotation matrices that are going to be used are as follows: 
𝐶𝑥(γ) = [
cos γ 0 −sin γ
0 1 0
sin γ 0 cos γ
]………………………...………….…….…...…….(Eq. 2.2) 
𝐶𝑧(β) = [
cos β sin β 0
−sin β cos β 0
0 0 1
]………………………...……………….…...……. (Eq. 2.3) 
𝐶𝑦(0) = [
cos 0 sin 0 0
−sin 0 cos 0 0
0 0 1
]……………………………...………….…...……. (Eq. 2.4) 
The matrix [Cx] rotates about the x-axis and away from the z-axis by an angle of 
γ, the matrix [Cz] rotates about the z-axis and away from the x-axis by an angle of β, and 
the matrix [Cy] shows that no additional rotation is occurring about the y-axis. The 
resultant transformation matrix is obtained by multiplying the three previous rotating 
matrices as follows: 
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[C] = [Cy][Cz][Cx]…………………………………………………...…………...(Eq. 2.5) 
Therefore: 
[
cos 0 sin 0 0
−sin 0 cos 0 0
0 0 1
] [
cos γ 0 −sin γ
0 1 0
sin γ 0 cos γ
] [
cos β sin β 0
−sin β cos β 0
0 0 1
] =
[
cos γ cos β cos γ sin β −sin γ
−sin β cos β 0
sin γ cos β sin 𝛾 sin β cos γ
]………………………………….………… (Eq. 2.6) 
The matrix [C] is the second-order transformation for a Cartesian tensor. The 
final resultant matrix is [σc], which defines the normal wellbore transformed stresses. 
This matrix can be determined using Cauchy’s transformation rule of the stress tensor. 
According to this rule, the stress component in the secondary coordinate system, the 
wellbore coordinate, can be calculated by multiplying the required transformation matrix 
[C] by the stress in the original coordinate system matrix, the in-situ stress matrix [σ], 
and by the transpose of the transformation matrix [C]T as shown in the following 
equation: 
[σc] = [C][σ][C]
𝑇……………………….…………………………………….…. (Eq. 2.7) 
Therefore: 
[
σx τxy τxz
τxy σy τyz
τxz τyz σz
] = [
cos γ cos β cos γ sin β −sin γ
−sin β cos β 0
sin γ cos β sin 𝛾 sin β cos γ
] . [
σH 0 0
0 σh 0
0 0 σV
]. 
[
cos γ cos β −sin β sin γ cos β
cos γ sin β cos β sin 𝛾 sin β
−sin γ 0 cos γ
]………………………………………….….(Eq. 2.8) 
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The resulting equations from Cauchy’s transformation for each stress term are as 
follows: 
σx = σv sin
2γ + (σH cos
2 β + σhsin
2 β)cos2γ………...…………….…...……. (Eq. 2.9) 
σy = σHsin
2 β + σh cos
2 β…………………………………...…...……...……. (Eq. 2.10) 
σz = σv cos
2γ + (σH cos
2 β + σhsin
2 β)sin2γ………………………....……. (Eq. 2.11) 
τyz =
σH−σh
2
sin(2𝛽) sin 𝛾……………………………...…………….…...……. (Eq. 2.12) 
τxz =
1
2
(σH cos
2 β + σhsin
2 β) sin(2𝛾)………………………………....……. (Eq. 2.13) 
τxy =
σH−σh
2
sin(2𝛽) cos2γ……………………………...……….….…...……. (Eq. 2.14) 
These equations do not take into account the effect of rock excavation and the existence 
of a borehole, they merely transform the in-situ stresses into normal stresses in the 
direction of the section of interest in the borehole. The removal of the rock through the 
drilling process causes a concentration of these wellbore normal stresses in the rock 
surrounding the borehole. Therefore, these stresses are not sufficient for the model to 
quantify the fracture-pressure gradient. 
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2.3 Induced Borehole Stresses 
 
As a result of rock excavation and the formation of a borehole, stress is 
concentrated in the rock surrounding the borehole at values significantly greater than 
those of the far-field in-situ stress as shown in Fig. 6. As the radial distance from the 
center of the wellbore increases, the concentration of the stresses around wellbore 
decrease until it reaches a constant value that is the normal and undisturbed far field in-
situ stress value. This is the effect that essentially defines the initial fracture-pressure 
gradient of the borehole.  
 
 
Fig. 6 - The concentration of stress due to the presence of a wellbore. 
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For the purpose of the model, these induced stresses need to be quantified based 
on the previously determined transformed normal wellbore stresses. There are numerous 
solutions available for quantifying the induced stresses; however, the solution required 
for this model should agree with its most important rock mechanics assumption, which is 
linear elasticity. In his work published in 1987, Aadonoy provided such a solution 
(Aadnoy 1987). It should also be noted that the solution given by the model should yield 
a value of induced stresses at the wall of the borehole. This point is noteworthy because 
there are several solutions available that agree with the model assumption, yet, they 
slightly disagree with model's purpose because they aim to determine the induced 
stresses of various radial values rather than at the borehole wall. This justifies the 
selection of the Aadnoy’s solution. Those solutions are similar to the one used to 
produce the plot in Fig. 6 (Jaeger et al. 2007).  
According to Aadnoy’s derivation, the induced stress should be considered in 
three directions. It is very important that these directions agree with borehole coordinate 
system defined in the previous section for the in-situ stress transformation. As a result of 
this agreement, the value for the transformed stresses can now be used in the model to 
quantify the induced stresses instead of directly using the in-situ stresses which would 
prove to be substantially in error.  
The first direction of induced stress is the radial stress, which acts on the 
borehole walls perpendicular from the center of the borehole. The radial stress results 
from the hydraulic forces exerted by the drilling fluid occupying the borehole. 
Therefore, the radial stress can be stated simply as the pressure of the wellbore: 
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σr = Pw…………………………………………………………………………. (Eq. 2.15) 
The second induced stress direction is the axial stress, which acts in parallel to 
the wellbore axis (z’-axis). According to Aadnoy, this stress can be calculated as 
follows: 
σzz = σz − 2v(σx − σy)cos2θ − 4vτxysin2θ…………………………….……(Eq. 2.16) 
The third induced stress is by far the most complicated and important of the three 
stresses. The importance of this particular induced stress stems from the statement 
mentioned previously declaring that the model’s main principle for estimating the initial 
fracture-pressure gradient is the reduction of the effective tangential stress to zero. The 
tangential stress, also called hoop stress, can be broken down into three components. 
These components are the borehole pressure component, the normal stress component, 
and the shear stress component, expressed by the following equations: 
σt1 = σx + σy − Pw…………………………….…………………………….…(Eq. 2.17) 
σt2 = −2(σx − σy) cos 2θ…………………………………..…………….……(Eq. 2.18) 
σt3 = −4τxy𝑠𝑖𝑛2𝜃………………………………………………………...…… (Eq. 2.19) 
σt = σt1 + σt2 + σt3………………………………………...…………….…… (Eq. 2.20)  
Finally, the induced shear stresses that need to be discussed for the model are the 
tangential-axial finite shear stress, the radial-tangential shear stress, and the radial-axial 
shear stress acting on the wellbore. This tangential-axial finite shear stress acts on the 
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axial-tangential (σzz-σt) stress planes in the defined wellbore polar coordinate. This shear 
stress is given by the following equation: 
τtzz = 2(−τxz sin 𝜃 + τyz cos 𝜃) …………………...……………….…...……. (Eq. 2.21) 
As for the two remaining shear stresses, due to the fact that the radial stress, σr, is 
always zero or positive, they are both equal to zero at all times as follows: 
τrt = τrzz = 0……………………………...……………….……………..…….(Eq. 2.22) 
An illustration of these induced stresses acting on an element of the wellbore is 
shown in Fig. 7. The function of these stresses in the model is adding the effect of the 
excavation and the existence of a wellbore; hence, the emergence of the wellbore 
pressure as a contributing factor. Therefore, these stresses function as a complementary 
addition to the normal transformed in-situ stresses. However, unlike the process for 
determining the transformed stresses, when defining the induced stresses, the knowledge 
of basic mechanical rock properties begins to come into play. Namely, as can be 
observed from the induced stresses governing equations, the required rock property at 
this step is Poisson’s Ratio, v. The angle required in these equations, θ, is the 
circumferential position in the wellbore as mentioned earlier. In this model, the angle is 
going to be measured from the normal stress in the y’-axis direction or σy direction. 
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Fig. 7 - The illustration of the resulting induced stress acting on an element of the 
wellbore (Amadei et al. 1997b). 
 
2.4 Plane Stress Transformation 
 
The process of initial fracture-pressure gradient determination concludes in this 
section. The main objective here is to use the induced stress in determining the wellbore 
principle plane stresses, which will lead to the initial fracture-pressure gradient. By using 
the plane stress transformation, the model defines a specific plane at an angle from the 
σzz 
σt 
σr 
τtzz 
τzzt 
z’ 
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wellbore axis (2ξp). This plane is the plane of zero shear in the formation, which is the 
plane that will accommodate the two induced fractures. The advantage in adding this 
step to the model is that it enables the determination the two stresses (principle stresses 
mentioned previously) acting directly on the fracture plane. The first of the two stresses 
will act perpendicularly to the direction of the induced fractures on the fracture plane 
and the second stress will act in the same direction as the induced fractures. Recalling 
the simple approach undertaken to determine the direction or the position of the wellbore 
fracture and wellbore breakout based on the direction of the earth in-situ stresses, this 
condition can only exist in the case of a simple vertical wellbore with the overburden as 
the maximum in-situ stress. However, changing the wellbore inclination and changing its 
position with respect to the in-situ stress renders this approach as being inaccurate at 
best. This contrast between those two scenarios is illustrated in Fig. 8.  
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Fig. 8 - The contrast between determining the direction of the fracture in a vertical 
section and in a horizontal section. 
 
In those more complex cases (deviated holes), using the in-situ stress directions 
and magnitudes to determine the expected location and the gradient of the fracture as 
described in Fig. 3 will lead to erroneous results. Another advantage in determining the 
wellbore principle stresses acting on the specific fracture plane is the improvement in the 
wellbore strengthening evaluation. The value of those stresses can be used to evaluate 
the response of the wellbore to various stress-related wellbore strengthening techniques. 
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The general practice has been to simply use the values of the in-situ stresses to evaluate 
stress-related wellbore strengthening techniques. By including the principle stresses 
oriented to the failure plane, this model improves the process. 
The mathematical representation of the plane stresses used for the model begins 
by considering the essential stresses acting on an element of the wellbore as described in 
Fig. 9. By applying Hibbler’s plane stress transformation adjusted for the purpose of this 
model to represent a wellbore, the sum of the forces on the wellbore element in Fig. 7 in 
the direction of x1 and y1 at equilibrium is as follows (Hibbler 2011):  
∑ 𝐹𝑥1 = (𝜎𝑥1𝐴) sec 𝜉 − (𝜎𝑥𝐴) cos 𝜉 − (𝜏𝑥𝑦𝐴) sin 𝜉 − (𝜎𝑦𝐴 tan 𝜃) sin 𝜉 − 
(𝜏𝑦𝑥𝐴 tan 𝜉) cos 𝜉 = 0……………………………...……………….…....……. (Eq. 2.23) 
∑ 𝐹𝑦1 = (𝜏𝑥1𝑦1𝐴) sec 𝜉 − (𝜎𝑥𝐴) sin 𝜉 − (𝜏𝑥𝑦𝐴) cos 𝜉 − (𝜎𝑦𝐴 tan 𝜉) cos 𝜉 − 
(𝜏𝑦𝑥𝐴 tan 𝜉) sin 𝜉 = 0…………………………..…...……………….…...…….(Eq. 2.24) 
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Fig. 9 - The relationship between the induced stresses reference frame and the 
plane stresses reference frame. 
 
Adjusting the force summation for the wellbore by denoting the x direction as the 
tangential direction, the y direction as the axial direction, factoring out the area and, 
using the following simplification: 
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y' (Axial) 
z’ 
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τxy = τyx = τtzz……………………………………………………………....... (Eq. 2.25) 
The force summation can be stated as follows: 
σx1 = σt cos
2 ξ + σzz sin
2 ξ + 2 τtzz sin ξ cos ξ…………………………...........(Eq. 2.26) 
τx1y1 = −(σt − σzz) sin ξ cos ξ + τtzz(cos
2 ξ − sin2 ξ)…………………….... (Eq. 2.27) 
Using trigonometric identities leads to the following form: 
σx1 =
σt+σzz
2
+
σt−σzz
2
 cos 2ξ + τtzz sin 2ξ…………………………...................(Eq. 2.28) 
τx1y1 = −
σt−σzz
2
 sin 2ξ + τtzz cos 2ξ………………………….......................... (Eq. 2.29) 
For the y1 (axial) direction, ξ is replaced by ξ+90o as follows: 
σy1 =
σt+σzz
2
−
σt−σzz
2
 cos 2ξ − τtzz sin 2ξ…………………………….….…… (Eq. 2.30) 
These equations transform the plane stresses affecting the wellbore, which are 
the tangential, the axial, and the shear stress, to a specified circumferential borehole 
position. Through these stresses, the principle (fracture) plane can be defined. One 
important point regarding these stresses is that, according to plane stress transformation 
rules, the sum of transformed plane stresses in both directions (x1 and y1) is equal to the 
sum of the  pretransformed stresses, which are, in this case, the tangential stress and the 
axial stress. This relationship is expressed as follows: 
σx1 + σy1 = σt + σzz…………………………………………………….….…. (Eq. 2.31) 
26 
 
This relationship will be of use when the principle stresses need to be 
determined. 
The principle stress plane or fracture plane can be defined by an angle from the 
wellbore axis given by 2ξp. According to Hibbler, this angle is obtained by 
differentiating the plane stress transformation equations with respect to the borehole 
position angle ξ in the direction of x1 and setting the derivative to zero as follows: 
𝑑𝜎𝑥1
𝑑𝜃
=
σt−σzz
2
 (−2 sin 2𝜉𝑝) + 𝜏𝑡𝑧𝑧(2 cos 2𝜉𝑝) = 0…………………….…….... (Eq. 2.32) 
Solving equation 2.32 for 2ξp gives: 
2𝜉𝑝 = tan
−1 2𝜏𝑡𝑧𝑧
σt−σzz
…………………………....................................................... (Eq. 2.33) 
The angle 2ξp has two values over the 360o range starting from the wellbore axis 
and separated by 180o as illustrated in Fig. 10.  
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Fig. 10 - Illustration of the resulting principle stresses acting on the plane of zero 
shears containing the induced fractures. 
 
Now that the principle or fracture plane has been clearly defined, the principle 
stresses acting directly on this plane can be determined. To determine these stresses, 
simple geometry in relation to the principle plane angle is applied according to Fig 11. 
 
Wellbore Section Axis 
Plane of zero shear 
(Principle or Fracture Plane) 
2ξp 
σ1 
σ2 
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Fig. 11 - The geometry used to derive the equation for the principle stresses acting 
directly on the fracture plane. 
 
Using Pythagorean’s theorem and simple geometry, the first principle stress is 
determined by substituting the principle angle in the plane stress transformation, 
equation 2.28, in the direction of x1 (σx1) as follows: 
H2 = (2τtzz)
2 + (σt − σzz)
2…………………………....................................... (Eq. 2.34) 
σ1 =
σt+σzz
2
+
σt−σzz
2
 cos 2ξp + τtzz sin 2ξp……………………........................ (Eq. 2.35) 
Substituting the parameters described in Fig 11 in this equation yields: 
σ1 =
σt+σzz
2
+
σt−σzz
2
 (
σt−σzz
H
) + τtzz(
2τtzz
H
) ……………………..….................. (Eq. 2.36) 
Substituting the value for the hypotenuse (H) yields the following equation: 
σ1 =
σt+σzz
2
+
σt−σzz
2
 (
σt−σzz
(2τtzz)2+(σt−σzz)2
) + τtzz(
2τtzz
(2τtzz)2+(σt−σzz)2
)…….….…... (Eq. 2.37) 
Rearranging the terms results in the next expression:  
 
2ξp 
2τtzz 
σt - σzz 
 
H 
 
sin 2𝜉𝑝 =
2𝜏𝑡𝑧𝑧
H
 
 
cos 2𝜉𝑝 =
σt − σzz
𝐻
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σ1 =
σt+σzz
2
+ √(
σt−σzz
2
)2 − τtzz2……………………………………….….….. (Eq. 2.38) 
This is the expression for the maximum wellbore principle plane stress acting 
perpendicular to the fracture plane as described in Fig. 10. To determine the second 
principle stress, the relationship between transformed plane stresses in both directions 
(x1 and y1) and the pretransformed stresses must be recalled (Eq. 2.31). The same 
relationship applies to wellbore principle plane stresses; i.e., the sum of the wellbore 
principle plane stresses is equal to the sum of the pretransformed stresses (σt and σzz) and 
expressed as follows: 
σ1 + σ2 = σt + σzz……………………………...……………….……….……. (Eq. 2.39) 
Therefore, the following two equations follow: 
σ2 = σt + σzz − σ1………………………...……..………………………….....(Eq. 2.40) 
σ2 =
σt+σzz
2
− √(
σt−σzz
2
)2 − τtzz2………………….……………………….…..(Eq. 2.41) 
Eq 2.41 is the expression for the minimum wellbore principle plane stress acting 
parallel to the fracture on the fracture plane as described in Fig. 10.   
In many references, the expression for the maximum wellbore principle plane 
stress (σ1) is denoted as the “maximum tensile stress” (Amadei 1997b; Watson et al. 
2003). The reason for this denotation is that the maximum wellbore principle plane 
stress is the deciding factor in the process of determining the initial fracture-pressure 
gradient, which means that the applied pressure must exceed this value for the fracture to 
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initiate. However, a complication arises from the fact that this principle stress changes 
value around the circumference of the borehole. This complication means that the model 
cannot advance until a critical value of the maximum wellbore principle plane stress is 
defined. 
The role of the model is to determine the location of the borehole wall where the 
maximum wellbore principle plane stress is at its minimum value. Determining the 
location of this critical value requires that the model run the calculations at all points 
around the borehole circumference until the minimum value is determined. Then, this 
borehole location is denoted as the critical borehole position angle (θc) as illustrated in 
Fig. 12. The model will then run the calculation at this critical angle with ascending 
values of the wellbore pressure. The purpose of this step is to determine the value of the 
wellbore pressure sufficient to reduce the maximum wellbore principle plane stress to 
zero, which means that the wellbore pressure exerted by the drilling fluid has exceeded 
the maximum tensile stress of the formation. Therefore, the fracture will be initiated and 
the value of the targeted fracture pressure is equal to the wellbore pressure that was 
capable of reducing the maximum tensile stress to zero.  
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Fig. 12 - The location of the critical angle θc. 
 
The concept of plane stress transformation used here is for 2D situations; hence, 
the transformation produces only two wellbore principle plane stresses. For the purpose 
of consistency and to comply with the 3D model, a third principle stress needs to be 
defined. This stress is the equivalent of the radial stress defined in equation 2.15. Thus, 
the third principal stress is given by: 
σ3 = σr = Pw…………………………………………………………………....(Eq. 2.42) 
 
2.5 Model Assumptions and the Corresponding Implications and Corrections 
 
The model is based on the assumptions that include: 
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 Linear elasticity and poroelasticity theory 
 Perfectly round borehole face 
 Perfectly impermeable borehole wall 
 Isothermal conditions in the borehole 
While the first assumption is reasonable and common in borehole rock mechanics 
(Fjaer 2008), the other assumptions will result in accuracies. In linear elasticity theory, it 
is assumed that the rock strain tensor is linear relative to the stress tensor. Although there 
is no rock that can be accurately specified as a linear elastic material, this assumption 
provides sufficiently accurate results. The reliability of these results stems from the 
observation that a rock can behave in accordance with the linear elasticity theory when 
the applied stress is in small increments (Jaeger et al. 2007). Some important aspects of 
poroelasticity were also considered in the model. Relying simply on linear elasticity to 
describe the deformation of formation rock material would imply that the formation rock 
is a homogeneous and completely solid material. However, due to the presence of pore 
spaces and the formation fluids occupying them (oil, gas, and water), the rock material is 
certainly not homogeneous. These spaces and fluids in the formation rock play an 
important role in defining the rock failure. Therefore, considering the poroelasticity of 
the formation is essential for a model when attempting to define the fracture-pressure 
gradient and its response to different wellbore strengthening techniques. That is why 
concepts such as Terzaghi's principle of effective stress, to be discussed later, pertaining 
to the poroelasticity theory were considered in developing the model.    
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As for the error-producing assumptions, corrections need to be made to the model to 
account for them. Starting with the second assumption, obtaining a perfectly round 
borehole during drilling is realistically possible; however, it is not guaranteed. In many 
cases, the borehole shape deviates from the circular form due to several reasons, 
including borehole breakouts (commonly and inaccurately called washouts), irregular 
formation of mud cake, and poor borehole cleaning. Furthermore, the in-situ earth stress 
field has an effect on the shape of the borehole as described by (Duffadar et al. 2013) 
and shown in Fig. 13. As was discussed in the in-situ stress section, the earth stress field 
can cause borehole ovality due to stress asymmetry. Even though the assumption of a 
perfectly round borehole is not always obtainable in a practical environment, it is not 
expected to affect the results of the model in a substantial fashion considering the 
purpose of the model. The reason for the minimal effect is that none of the parameters 
considered in this model is particularly affected mathematically by the shape of the 
borehole; therefore, no measures were taken to correct for this particular assumption. 
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Fig. 13 - The effect of in-situ earth stress field on the shape of the borehole 
(Duffadar et al. 2013). 
 
However, the same cannot be said about the perfectly impermeable borehole wall 
assumption because the situation is entirely different. Unless the formation being drilled 
contains very low-permeability shale or the drilling is being performed underbalance, the 
borehole wall is expected to be permeable in most practical situations. Filtration and 
formation of mudcake due to overbalance is expected to occur. The implication of this 
occurrence is a local change in the pore pressure of the area surrounding the borehole in 
the formation rock (Watson et al. 2003). Fig. 14 shows the local change in the pore 
pressure due to mud filtration. As can be seen, the local pore pressure reaches a 
maximum value at the wellbore radius. This pore pressure value decreases significantly 
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farther away from the wellbore wall until it reaches the original undisturbed value of 
formation pore pressure. 
 
 
Fig. 14 - The local change to the pore pressure due to mud filtration (Watson et al. 
2003). 
 
As a consequence to the increase of the local pore pressure around the borehole 
and by considering to the following Terzaghi’s principle of effective stress (Terzaghi 
1936), the effective stress of the rock surrounding the borehole will decrease. This 
condition will relieve the stress concentration surrounding the borehole and reduce the 
initial fracture-initiation pressure. Terzaghi’s principle of effective stress is given by the 
following equation where the Biot’s constant (α) can be assumed as 1: 
σe = σ − αPp……………………………...………………………….…...……. (Eq. 2.43) 
Local Pore 
Pressure, psi
Radius, ft
Flow
No flow
Original Pp 
Wellbore radius 
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The resulting reduction in the initial fracture-initiation pressure is the main issue 
regarding the third assumption requiring a correction in the model. One way to achieve 
this correction is by considering the change in the effective tangential stress of the 
wellbore. The model uses a relationship that models the reduction of the effective 
tangential stress in a porous elastic rock due to an overbalance in pressure and 
continuous flow (Mouchet et al. 1989) given by the following equation: 
∆σte (q) =
1−2v
1−v
(Pp − Pw) …………………………...……………….…...……. (Eq. 2.44) 
Depending on the Poisson’s ratio of the rock and on the magnitude of the 
overbalance between the drilling fluid and the pore pressure, the reduction in effective 
tangential stress and, consequentially, the reduction in the initial fracture initiation 
pressure can be quantified. Fig. 15 shows the effective hoop stress change as a result of a 
flow through the wellbore wall due to overbalance. The relationship used to describe the 
tangential stress in a radial direction is as follows (Deily et al. 1969): 
σt =
σH+σh
2
(1 +
rw
2
r2
) −
σH−σh
2
(1 + 3
rw
2
r2
) × cos 2θ − Pw
rw
2
r2
………………...….(Eq. 2.45) 
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Fig. 15 - Illustration of the change undergone by the effective hoop stress as a result 
of wellbore wall flow due to overbalance. 
 
One more aspect of the filtration process to be considered is the buildup of filter-
cake. The buildup of filter-cake causes a significant pressure drop from the wellbore to 
the sand face due to its impermeable nature as shown in Fig. 16. As a result of the 
formation of filter-cake, the tangential stress is reduced less by mud filtration. This 
process of controlling excess filtration results in the reduction of the damaging effect of 
flow through the wellbore wall due to overbalance of the fracture-pressure gradient.  The 
filter-cake effect is taken into account in the model by adjusting the correction to the 
effective tangential stress. The adjustment is made by considering the overbalance 
between the wellbore and the sand face and not the overbalance between the wellbore 
and the filter-cake, which forces the model to include the positive effect of filter-cake. 
Effective Hoop 
Stress
Radius
Flow
No flow
Well Radius
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Fig. 16 - Illustration of the effect of the buildup of filter-cake as a drop in pressure 
from the wellbore to the sand face due to its impermeable nature. 
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Fig. 17 -The contrast between the bottomhole formation and bottomhole fluid 
temperatures and the temperature of the drilling fluid (Raymond 1969).  
 
Finally, the last assumption of the model is also an assumption that results in a 
correction to the model. Assuming isothermal conditions in the wellbore is not an 
accurate assumption during the drilling process. Due to the depths of the formations 
being drilled, the formation temperatures will reach high enough values so as to affect 
the model’s results.  The formation temperatures are typically significantly higher than 
those of the drilling fluids pumped from the surface. Fig. 17 shows the contrast between 
the bottomhole formation and bottomhole fluid temperatures and the temperature of the 
drilling fluid. Due to the temperature difference, an exchange of heat occurs at the 
wellbore wall. The temperature of the drilling fluid is elevated due to its exposure to the 
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formation rock and, most importantly, the formation rock temperature decreases due to 
its exposure to the colder fluid. The formation rock exposure to the lower temperature 
can alter its stress state. This change in the rock stress state is logical when considering 
the physical effect a sudden temperature change can have on material such as rocks. The 
resulting physical expansion or contraction in the rock is the driving force behind the 
change of the stress state. In the case of deep wells where the geothermal gradient causes 
the formation rock to be of higher in temperature than the drilling fluid, the drilling fluid 
will act to cool the formation rock with circulation time.  The result of this interaction 
will be contraction of the formation rock over time due to cooling, which will have a 
detrimental effect on fracture-pressure gradient in the form of a decrease.  In the 
opposite case of shallow wells or of high-temperature drilling fluid, the colder formation 
rock will absorb heat from the drilling fluid. This will cause an expansion of the 
formation rock volume and an increase in the fracture-pressure gradient. 
To consider the effect of temperature changes on the initial fracture-pressure 
gradient in the model, a closed form solution based on an analytical expression is used. 
The solution considers the effective tangential stress change in an elastic cylindrical 
zone around the wellbore that undergoes temperature change. This expression can be 
stated according to (Perkins et al. 1984) as follows: 
∆σte (T) =
E
1−v
αT(Tdrilling fluid − Tformation) …………………………...…..…. (Eq. 2.46) 
As expected, a positive change in temperature will produce an increase in the 
effective tangential stress. This increase in tangential stress will be considered as an 
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incremental gain to the total fracture-pressure gradient in the model. Likewise, a 
negative change in temperature will decrease the effective tangential stress. This 
reduction of the tangential stress will be considered a reduction in the total fracture-
pressure gradient in the model. 
 
2.6 The Evaluation of Fracture-Pressure Gradient Enhancement 
 
Due to the continuous maturation and depletion of reservoirs worldwide, the 
drilling window is narrowing significantly in many fields. The reduction in the drilling 
window can be attributed to falling pore pressures and the consequent decrease in the 
minimum horizontal in-situ stress as described by this relationship: 
σH =
v
1−v
(σV − Pp) + Pp …………………...……………….…...………….….(Eq. 2.47) 
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Fig. 18 - The resulting narrower drilling window due to reservoir depletion. 
 
The decrease in the minimum horizontal stress leads to a reduction in the 
fracture-pressure gradient. The resulting narrower drilling window, as described in Fig. 
18, presents various challenges to drilling operations. A drilling fluid can typically be 
designed to accommodate both the fracture gradient and the pore pressure gradient in 
static conditions. However, in dynamic conditions where the equivalent circulation 
density is higher than the static mud weight due to annual friction pressure, the fracture 
gradient can easily be exceeded resulting in lost circulation. Plus, there is no guarantee 
that such a drilling fluid, which was designed for the restriction condition of the narrow 
D
ep
th
, 
ft
Pressure, psi
Fracture Pressure
Pore Pressure
New Pore Pressure Gradient
New Fracture Pressure Gradient
Narrowing down of drilling 
window due to depletion 
43 
 
drilling window, can provide wellbore stability. One tool which can give a wider drilling 
window is  wellbore strengthening techniques. 
Over the years, various wellbore strengthening techniques were developed to 
increase the fracture-pressure gradient and widen the drilling window. The benefits of 
these techniques could also include the elimination of lost circulation and sand 
production. The wellbore strengthening techniques can be classified according to the 
type of their interaction with targeted formation rock as follows (Barrett et al. 2010):  
1. Physical methods—reduce the fluid rock interaction by  means of plastering 
2. Chemical methods—chemical grouting, dictating the dynamics of the formation 
fluid through osmotic mechanisms, and using deformable, viscous, and cohesive 
systems (DVC) 
3. Thermal methods—increase the temperature of the rock in the wellbore wall 
through heat transfer from the drilling fluid to cause rock expansion and an 
increase in the tangential stress. 
4. Mechanical methods—enhance the tangential stress of the wellbore by inducing 
fractures and plugging or sealing them in what is known as “stress caging” 
(Aston et al. 2004) 
The focus of this work will be on techniques that deal directly with rock stresses as 
the driving force for enhancing the fracture-pressure gradient. Those techniques include 
the wellbore strengthening techniques that stabilize the rock's existing or induced 
fractures either by plugging or sealing to change the stress state around the wellbore. 
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They also include the techniques that use wellbore temperature variations to alter the 
stress around the wellbore. 
 
2.6.1 Evaluation of Wellbore Strengthening Techniques from Basic Rock Mechanics  
The model requires a mathematical representation of the induced stress alteration 
due to the action of the different wellbore strengthening techniques. Building the model 
on an analytical or exact solution would be the ideal case; however, there is no such 
solution available where the stress state alteration is quantified due to the effects of 
different wellbore strengthening techniques as reported in the literature. Therefore, the 
model relies on an approximate solution to achieve this. This solution was developed by 
Nobuo Morita (Morita et al. 2012) as a closed-form solution based on a boundary 
element model. According to Morita’s laboratory work, the model accuracy in its 
different variations ranges from 0.2% to 5%; hence, it was deemed suitable for the 
purpose of the model being developed for this work. 
The main advantage of the selected solution is that it relies on basic rock 
mechanics principles to determine the enhancement to the fracture-pressure gradient. 
These basic rock mechanics principles make the solution more accessible from an 
operation point of view. The data used to describe these principles are easily obtainable 
through the cooperation of the drilling engineer and the field geologist. Also, this 
solution is particularly useful for the purpose of the model being constructed by applying 
it to actual field data. Morita’s approach to addressing the evaluation of wellbore 
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strengthening is the introduction of the fracture theory and to the stress around the 
wellbore. According to fracture mechanics, a fracture tip undergoes three types of 
loadings or opening modes as described in Fig. 19. 
 
 
 Fig. 19 - The three mode of fracture loadings or openings according to fracture 
mechanics (Jaeger et al. 2007). 
 
The mode of interest in this work is the mode where the tensile stress is normal to 
the plane of the crack, which is mode I. The direction of the tensile stress in mode I is 
similar to the direction of the stress applied in strengthening by the solid particles on the 
wellbore fractures. In his solution, Morita based his solution on the integral of stress 
intensity factor for mode I and solving it for various scenarios. Those scenarios or 
different classifications on which the numerical solution was derived are as follows: 
1. Enhancing the wellbore fracture pressure by the means of temperature variation 
of 0- to 0.1-in. fractures. 
2. Enhancing the wellbore fracture pressure by plugging or sealing microfractures 
(0.1 to 1 in.) with the drilling fluid solid particles. 
Plane of 
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3. Enhancing the wellbore fracture pressure by plugging or sealing macrofractures 
(1 to 2 ft) with the drilling fluid solid particles in what is known as the stress 
cage method. 
4. Enhancing the wellbore fracture pressure by plugging or sealing large fractures 
(more than 10 ft) with the drilling fluid solid particles in what is known as the tip 
screening method. 
Based on those scenarios, mathematical relationships of fracture-pressure 
enhancement were derived. These relationships were added to the model to quantify the 
change to the initial virgin fracture-pressure gradient in a specific section of the well 
when different wellbore strengthening techniques are implemented.  
The first scenario of wellbore strengthening in the model deals with the resultant 
fracture-pressure enhancement when a naturally existing or induced microfacture is 
purposely sealed at the fracture mouth by solid particles from a “designer mud”. This 
scenario can be considered as a branch of the “stress cage” method. In the “stress cage” 
method, an induced fracture is created and kept open by solid particles from a “designer 
mud” for the purpose of increasing the hoop stress of the wellbore. Field applications 
showed that applying this method does indeed enhance the fracture pressure in the 
wellbore section where it is applied (Aston et al. 2004). However, there is no clear 
physical evidence of what the nature of the interaction between the solid particles from 
the “designer mud” and the induced fracture actually is. For this reason, the model takes 
into account these different scenarios to examine this particular wellbore strengthening 
technique. For the purpose of the model, this scenario of fracture and solid particle 
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interaction is denoted as the “sealed fracture”.  Based on the solution employed by 
Aston, et al, two fractures are sealed in the wellbore section being considered. Fig. 20 
describes this scenario. 
 
 
Fig. 20 – The description of the sealed fracture scenario of particle and fracture 
interaction in wellbore strengthening (Morita et al. 2012). 
 
To be able to integrate this solution with the model described thus far, minor 
adjustments were made for the purpose of improving the solution’s compatibility with 
rest of the model and improving the results. The first and most important adjustment is 
replacing the in-situ stresses by the fracture plane principle stresses calculated in a 
previous section of the model. The solution originally uses the magnitudes of the earth 
in-situ stresses as the stresses acting in the perpendicular and parallel direction of the 
Sealing Location 
Sealing Location 
Max. Plane Principle Stress σ1 
Min. Plane Principle Stress σ2 
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48 
 
fractures. The model seeks to improve the use of this particular aspect of the solution by 
considering the principle stresses acting on the specific plane of the fractures (the plane 
of zero shear) as the stresses acting in the perpendicular and parallel direction of the 
fractures. As such, the model will take the magnitude of these stresses in the solution 
instead of the magnitude of the earth in-situ stresses, which means that the minimum 
fracture plane principle stress will act in the perpendicular direction to the fracture and 
prevent its propagation. 
The second change to the solution is made for the sole purpose of its 
compatibility with the rest of the model. In the original solution, the signs for the stresses 
were assigned as positive for tension and negative for compression. This sign assignment 
will not work with the rest of the model. Nevertheless, all of the stresses being 
considered in all of the previous sections of the model were compressive; thus, the 
solution was adjusted so that all of the stresses used will be a positive value for 
compression. 
In Fig. 20 describing this first scenario of wellbore strengthening, Pbu is the 
pressure inside of the fracture or the buildup pressure. This value will be equal to the 
pore pressure in the majority of cases. The reason for this condition is that one of the 
main requirements for applying the “stress cage” method is high-rock permeability. The 
high permeability is required because it will allow the “designer mud” filtrate to flow 
into the formation and prevent further and unwanted fracture propagation. Therefore, the 
high permeability will aid in arresting the fracture growth to a desired length and will 
dissipate the pressure inside of the fracture until it reaches the original pore pressure of 
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the rock. In the less probable case of a low-permeability rock, the filtrate is expected to 
create a pressure buildup in the fracture. The result would be a higher pressure inside of 
the fracture than the original pore pressure of the rock. 
After making the required adjustments to the solution, the final equation for the 
enhanced fracturing pressure for the first scenario that will be used in the model will be 
as follows: 
 𝑃𝑓−𝑒𝑛ℎ𝑎𝑛𝑐𝑒𝑑 =
𝑘𝑐
√𝜋∆𝐿
+𝜎2𝐹𝜆(𝑠)−𝑃𝑏𝑢[1+(1−𝑠)(−0.137+0.258(1−𝑠)
2−0.4𝑠2(1−𝑠))]
(1−𝑠)[0.637+0.485(1−𝑠)2+0.4𝑠2(1−𝑠)
……...…(Eq. 2.48) 
Where: 
∆𝐿 =
𝑊𝑐𝐸
4(1−𝑣2)(𝜎2−𝑃𝑏𝑢)
…………………………………………………....………( Eq. 2.49) 
𝜆 =
𝜎1
𝜎2
…………………………………………………...………………....……( Eq. 2.50) 
𝑠 =
∆𝐿
(𝑟𝑤+∆𝐿)
……………………………………………...………………....……( Eq. 2.51) 
𝜔 =
𝑃𝑏𝑢
𝜎2
……………………………….………………...………………....……( Eq. 2.52) 
𝐹1(𝑠) = 1 + (1 − 𝑠)[0.5 + 0.743(1 − 𝑠)
2]….………...………………...……( Eq. 2.53) 
𝐹𝑜(𝑠) = 0.5(3 − 𝑠)[1 + 1.243(1 − 𝑠)
3] ………...……………………....……( Eq. 2.54) 
𝐹𝜆(𝑠) = (1 − 𝜆)𝐹𝑜(𝑠) + 𝜆𝐹1(𝑠)………...…………………...…………....……( Eq. 2.55) 
The second scenario considers a different type of solid particle and fracture 
interaction. Instead of assuming that the solid particles from the “designer mud” seal the 
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fracture at the fracture mouth, it assumes that the particles are plugging the fracture at a 
certain distance from the fracture mouth. Again, due to the ambiguity in the nature of the 
interaction between the fracture and the designer mud solid particles, this scenario can 
be considered as a branch of the “stress cage” method. This scenario is denoted as the 
plugged fracture technique in the model as opposed to the sealed fracture techniques 
discussed previously. The closed-from solution used in the model for the plugged 
fracture scenario is similar to the sealed-fracture scenario in that it also considers two 
fractures created in the wellbore section being considered as shown in Fig. 21. 
 
 
Fig. 21 - The description of the plugged fracture scenario of particle and fracture 
interaction in wellbore strengthening (Morita et al. 2012). 
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The same changes that were applied to the sealed-fracture scenario solution were 
also applied to the plugged-fracture solution to ensure its compatibility with the rest of 
the model and to achieve the desired improvements. However, there are some notable 
differences between the descriptions of the two scenarios. In this scenario, the parameter 
“a” defines the distance at which the solid particles plug the fracture and the parameter 
ΔL defines the length of the fracture, excluding the plugging distance. In the sealed-
fracture scenario, ΔL defines the length of the fracture as a whole. Also, the solution 
considers the pressure buildup, Pbu, to be in effect behind the plugging particles only. 
After making the required adjustments to the solution, the final equation for the 
enhanced fracturing pressure for the second scenario that will be used in the model will 
be as follows: 
 𝑃𝑓−𝑒𝑛ℎ𝑎𝑛𝑐𝑒𝑑 =
𝑘𝑐
√𝜋(𝑎+∆𝐿)
+𝜎2𝐹𝜆(𝑠)−2𝐿
𝑃𝑏𝑢
√𝜋(𝑎+∆𝐿)√𝜋𝐿
[𝑎𝑟𝑐𝑠𝑖𝑛√
∆𝐿
2𝐿
−𝑎𝑟𝑐𝑠𝑖𝑛√
2𝐿−∆𝐿
2𝐿
+
𝜋
2
]
1+(1−𝑠)(0.5+0.743(1−𝑠)2)−2𝐿
1
√𝜋(𝑎+∆𝐿)√𝜋𝐿
[𝑎𝑟𝑐𝑠𝑖𝑛√
∆𝐿
2𝐿
−𝑎𝑟𝑐𝑠𝑖𝑛√
2𝐿−∆𝐿
2𝐿
+
𝜋
2
]
...(Eq. 2.56) 
Where: 
∆𝐿 =
𝑊𝑐𝐸
4(1−𝑣2)(𝜎2−𝑃𝑏𝑢)
………...………………………………..…………...……( Eq. 2.57) 
𝜆 =
𝜎1
𝜎2
……………...………...…………………………………..………...……( Eq. 2.58) 
𝑠 =
𝑎+∆𝐿
(𝑟𝑤+𝑎+∆𝐿)
………...………………...………………………..………...……( Eq. 2.59) 
𝐿 = 𝑟𝑤 + 𝑎 + ∆𝐿………...…………………………..……..……………...……( Eq. 2.60) 
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𝜔 =
𝑃𝑏𝑢
𝜎2
………...…………………………..………….…………..............……( Eq. 2.61) 
𝐹1(𝑠) = 1 + (1 − 𝑠)[0.5 + 0.743(1 − 𝑠)
2] ………...……...….………...……( Eq. 2.62) 
𝐹𝑜(𝑠) = 0.5(3 − 𝑠)[1 + 1.243(1 − 𝑠)
3] ………...……………….……...……( Eq. 2.63) 
𝐹𝜆(𝑠) = (1 − 𝜆)𝐹𝑜(𝑠) + 𝜆𝐹1(𝑠)………...……………..…………….…………( Eq. 2.64) 
 
2.7 Model Interface 
 
For the purpose of generating results in a timely manner, a user-friendly interface 
was created to accompany the model's VBA Excel programming code. The interface 
accepts the input data from the user that defines the section of the well being targeted for 
examination, field stress data, rock basic mechanical properties, and wellbore 
strengthening techniques data. The initial results of the model can be obtained using the 
command buttons shown in Fig. 22. 
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Fig. 22 - The command buttons used in the model to obtain the initial results. 
 
These command buttons perform the initial calculations of the model and display the 
results in the form of a message box and on an Excel spreadsheet. The commands 
performed are as follows: 
1. Display the value of the critical angle (θc), which defines the circumferential position 
of fracture initiation in the wellbore wall. 
2. Display the full calculations performed at every degree of the wellbore 
circumference. 
3. Display the value of the initial fracture gradient (gfi) corresponding to the section of 
the well being examined. 
4. Display the angle of the zero shear plane (2ξp). 
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5. Display the correction to the effective tangential stress due to mud filtration (Δσte(q)) 
and temperature change (Δσte(T)). 
6. Display the user form that enables generating parametric analysis of the effect of 
various parameters on the initial fracture-pressure gradient and the temperature- and 
mud filtrate-affected fracture-pressure gradients. 
7. Display the user form that enables the user to enter the data required for each 
wellbore strengthening scenario. 
8. Display the user form that enables the user to generate the ease-of-drilling polar 
plots. 
The model requires specific input data to perform the wellbore strengthening 
evaluation calculations. The first input is selecting the type or the scenario of solid 
particles and fracture interaction. After pressing the “Particle Fracture Interaction in WS 
Tech.”, the user form shown in Fig. 23 will appear. 
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Fig. 23 - The user form that enables the model to select the particle and fracture 
interaction scenario and input the data for each scenario. 
 
The user can select the appropriate scenario and enter the required data  that can 
be related to the closed-form solution as follows: 
1. Wellbore radius (rw) in inches 
2. Fracture aperture (Wc) in inches 
3. Fracture toughness (kc) in psi.inch1/2 
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4. Fracture-pressure buildup (Pub) in psi; if left blank, assumed to be zero 
5. Plug placement distance from the mouth of the fracture (a) in inches (applies to the 
plugged fracture option only) 
This will enable obtaining the fracture-pressure gradient resulting from applying the 
selected wellbore strengthening technique. 
The “Parametric Analysis” command button shown in Fig. 22 will prompt the form 
shown in Fig. 24.  
 
 
Fig. 24 - The user form that enables selecting the base variable for the initial 
parametric analysis. 
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This user form produces different plots that show the effect of the four 
parameters listed on:  
1. The initial fracture-pressure gradient (gfi) 
2. The temperature-influenced fracture-pressure gradient (gfi(T)) 
3. The mud filtrate-influenced fracture-pressure gradient (gfi(q)) 
4. The combined temperature and mud filtrate- influenced fracture-pressure gradient 
(gfi(qT)).  
The user form allows for entering a value for a parameter  that will be the base 
for the parametric analysis. This input value will be used as the center of a range of 
values of the  particular parameter. Then, the code will calculate the different types of 
the fracture-pressure gradient at each value of the parameter and will plot the results 
graphically in a separate Excel worksheet.  
A similar analysis can be performed on the wellbore strengthening influenced 
fracture-pressure gradient using the form shown in Fig. 25. 
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Fig. 25 - The user form that enables selecting the base variable for the final 
parametric analysis. 
 
This form can be  obtained by pressing the command button “Parametric 
Analysis” in the user form shown in Fig. 23, and it performs the same task as the user 
form shown in Fig. 24. The only difference is that this form offers more parameters to be 
used as the basis of the analysis. These additional parameters are concerned with the 
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solid particle and fracture interaction type. The produced plots will show the trend 
exhibited by the following: 
1. Initial fracture-pressure gradient, gfi 
2. Wellbore strengthening influenced fracture-pressure gradient, gfFS 
3. Temperature and wellbore strengthening influenced fracture-pressure gradient, gfFS(T) 
4. Mud filtrate and wellbore strengthening influenced fracture-pressure gradient, gfFS(q) 
5. Temperature, mud filtrated and wellbore strengthening combined influenced 
fracture-pressure gradient, gfFS(qT) 
For the purpose of analyzing the performance of wellbore strengthening techniques 
based on the well section placement with respect to the field in-situ stresses, the options 
shown in Fig. 26 were created. 
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Fig. 26 - Ease of drilling data user form. 
 
The user form shown in Fig. 26 will be used to create polar plots that show the 
ease of drilling that particular section of the well based on the well surface location and 
trajectory. The generated plots use the well azimuth angle in polar coordinates to display 
all of the possible well placement scenarios. In radial coordinates, a parameter that can 
be called “ease-of-drilling fraction” is calculated and plotted for every possible well 
placement scenario. The purpose of this parameter is to demonstrate the size of the 
drilling window compared with a reference window size. The code uses two references 
for the drilling window size when calculating the ease-of-drilling fraction. The first 
reference is based on the maximum possible fracture-pressure gradient in the 360o 
azimuth range for the individual well section and fracture-pressure gradient type in 
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consideration. Based on this fracture-pressure gradient, the ease-of-drilling fraction will 
be calculated for each 0.5o of the 360o azimuth as follows: 
Ease of Drilling Fraction (Based on Maximum gf) =
gf
Max gf
………….………(Eq. 2.65) 
This calculation is done for all of the different types of fracture-pressure 
gradients, which include the initial fracture-pressure gradient, gfi, the temperature-
influenced fracture-pressure gradient, gf(T), the mud filtrate-influenced fracture-pressure 
gradient, gf(q), and the temperature and mud filtrate combined influenced fracture-
pressure gradient, gf(qT). Because the "ease-of-drilling polar plot" is based on a specific 
and unique to the plot reference value (the maximum possible fracture-pressure gradient 
in the 360o azimuth range), two different polar plots cannot be compared to each other to 
decide which type of fracture-pressure gradient provides the wider drilling window in a 
certain direction.  For that reason, the code calculates the ease-of-drilling fraction with a 
constant reference value for all the different types of fracture-pressure gradients as 
follows: 
Ease of Drilling Fraction (Based on C psi/ft) =
gf
C 
………………….…...……(Eq. 2.66) 
The reference value for the ease-of-drilling-fraction is selected to be equal to or 
greater than the maximum possible value of the fracture-pressure gradient. This 
assumption will make it possible to compare different ease-of-drilling polar plots, even if 
they are based on different types of fracture-pressure gradients. For example, using the 
constant reference in the ease-of-drilling fraction, the ease-of-drilling polar plot for a 
particular section of the well based on the initial fracture-pressure gradient can be 
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compared to the ease-of-drilling polar plot for the same section of the well based on the 
wellbore strengthening influenced fracture-pressure gradient. 
Fig. 27 shows a sample of the produced polar plots that will be discussed in more 
details in the next chapter.  
 
 
 
Fig. 27 - Samples of the produced polar plots highlighting the differences between 
them each type. 
Non-Comparable 
Comparable 
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3. MODEL RESULTS AND ANALYSIS (CASE STUDY SCENARIO) 
 
3.1 The Case Study Setup 
 
For the model to produce the targeted results, there is a set of input data required. 
The input data is aimed at defining the following: 
 The targeted wellbore section in terms of its position with respect to the field in-
situ stresses, trajectory, and depth 
 The field in-situ stresses in terms of magnitude and direction 
 The targeted formation pore pressure 
 The targeted formation basic rock mechanic parameters,  including Poisson’s  
ratio, Young’s modulus, and the thermal expansion coefficient 
 The drilling fluid properties, including the pressure overbalance it provides and 
the temperature change it brings to the wellbore. 
For the purpose of evaluating the general performance of the formation strengthening 
techniques previously presented, a case study is created based on typical and common 
input parameter values. The model’s code accepts the input values and yields realistic 
values as long as the input values for each parameter are within a reasonable range. 
Table 1 shows the values selected for this particular case study: 
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Table 1 - The initial input values for the model case study. 
Input Depth, ft 14,000 
Input Pore Pressure Gradient, ppg 12 
Input vertical Stress σv Gradient, psi/ft 0.972 
Input Poisson's ratio ν 0.25 
Input σH (max horiz.) Gradient, psi/ft 0.8 
Input σh (min horiz.) Gradient, psi/ft 0.739 
Input Well Azimuth, degree 88 
Input Well inclination  γ (Between σ1 and Borhole Axis), degree 70 
Input σH (max horiz.) direction measured from the north clock-wise, 
degree 
138 
Input Beta β (Between σH and Borehole Projection on σH-σh Plane or 
Azimuth), degree 
50 
Input Actual Borehole Pressure Gradient for  Δσte(q) Calculations, ppg 12.1 
Input Temperature Increment ΔT, Fo 10 
Input Young's Modulus E, psi 2500000 
Input Coefficient of Thermal Expansion αT, in/(in -Fo) 0.000008 
 
These values represent typical values for a Gulf of Mexico field, showing in-situ 
stress anisotropy due to a salt dome intrusion (Watson et al 2003). In this case study, the 
vertical stress or the vertical overburden is the maximum in-situ stress; however, the 
well section being considered is drilled with a 70o inclination angle. In the model, this 
inclination angle is interpreted as a 70o deviation of the wellbore section from the 
maximum in-situ stress direction. Also, the wellbore projection on the σH-σh plane is 
located at 50o from the direction of the maximum horizontal stress σH, all of which means that 
the wellbore section  does not fall on the same coordinate system as do the in-situ 
stresses. This condition will necessitate that the model performs the discussed 
transformation of the in-situ stresses to the wellbore section coordinate system. Fig. 28 
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shows the visual representation of the position of the well section of interest with respect 
to the in-situ stresses and the two coordinate systems involved in the transformation 
process of the model. 
 
 
Fig. 28 - Description of the case study well trajectory and position with respect to 
the in-situ stresses (Watson et al. 2003). 
 
Upon performing the transformation, the model’s code will move to the 
calculation of the induced stresses around the wellbore and eventually determine the two 
principle stresses acting on the plane of zero shear stress. The next step in the process is 
Wellbore Direction Vector C 
σv 
σH=11,200 psi 
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z 
x 
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determining the critical angle of the circumferential position of the wellbore, which is 
defined by the minimum value of the minimum principle stress. The final step that the 
model performs at this stage is defining the minimum wellbore pressure that has the 
ability to set the effective minimum principle stress to zero. This value of wellbore 
pressure will be considered as the initial fracture pressure of formation. 
 
3.2 The Preliminary Results  
 
In preparation for evaluating the wellbore strengthening techniques, the model 
produces the preliminary results as shown in Table 2. These values explain the fracture 
system in the wellbore before applying any wellbore strengthening procedure. The 
values also depict the initial reaction of the fracture system to a wellbore pressure 
overbalance, resulting in mud filtration and to the wellbore wall exposure to drilling 
fluid resulting in a change in the temperature. The most important value in the 
preliminary results is the initial fracture-pressure gradient. This is the value that is going 
to be used as a reference when the model reaches the wellbore strengthening techniques 
evaluation portion and the well placement and trajectory evaluation portion. 
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Table 2 - The model preliminary results. 
Critical Borehole Position, Degrees 169 
Fracture Initiation Gradient Δgfi , psi/ft 0.6957 
Incremental Change in Effective Tangential Stress due to Flow Δσte(q) , psig -48.5 
Recalculated Fracture Initiation Gradient due to Flow Δgf(q) , psi/ft 0.6922 
Incremental Change in Effective Tangential Stress due to Temperature 
Δσte(T) , psig 
266.7 
Recalculated Fracture Initiation Gradient due to Temperature Δgf(T) , psi/ft 0.7148 
Recalculated Fracture Initiation Gradient due to Flow and Temperature 
Δgf(qT), psi/ft 
0.7113 
Fracture Plane Angel Measured from the Wellbore Axis 2ξp, Degrees -67.6 
 
By examining the preliminary results, the detrimental effect of the mud filtration 
flow in the formation on the fracture-pressure gradient is clearly obvious. As previously 
discussed, the reduction of the fracture-pressure gradient is the result of applying the 
Biot’s principle of effective stress. This fracture-pressure gradient reduction was built 
into the model by introducing the overbalance and filtration correction relationship 
discussed in Section 2.5. The beneficial effect of increasing the temperature of the 
wellbore wall on the fracture-pressure gradient is also obvious. The temperature effect 
found in the model by introducing the temperature change correction relationship 
discussed in Section 2.5.  
The model set up the transition to the wellbore strengthening techniques 
evaluation by defining the plane of the fracture or the plane of zero shear stress. The 
plane of the fracture is defined by an angle measured from the wellbore section axis.  
Even though this angle has two values, only one value is displayed because the two 
values are separated by 180o and define the same plane. The principle stress calculations 
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are performed in this stage of the model. The model analyzes these calculations and 
defines the value of the two principle stresses acting on the plane of zero shear stress at 
the defined critical angle. These are the stresses that will be used in evaluating the 
wellbore strengthening techniques’ performance.  
 
3.3 Wellbore Strengthening Evaluation Data and Preliminary Results  
 
Additional input data are required for the evaluation.  These data describe the 
nature of the interaction between the drilling fluid solid particles intended to be used for 
the treatment and the initiated fractures. A drilling engineer is not expected to have a 
sufficient knowledge or access to this type data. Therefore, cooperation between a 
drilling engineer, a field geologist and a rock mechanics lab technician is required. 
Starting with the fracture aperture parameter, it can be estimated based on the applied 
stress as discussed in (Kulatilake et al. 2006). As for the fracture toughness, it can be 
assigned a value based on the type of rock being treated. Zhao et al. and Senseny et al. 
discuss the process of fracture toughness determination and list typical values for the 
parameter based on the rock type (Zhao et al. 1993), (Senseny et al. 1984). The plug 
placement is determined based on the size of the drilling fluid bridging particle, which 
should be obtainable by the drilling engineer, and the fracture aperture. Finally, pressure 
buildup behind the plug can be estimated based on the permeability of the formation 
rock. As the rock permeability increases, as the value of the pressure buildup approaches 
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zero. It is preferable, as will be discussed in the pressure buildup parametric analysis, 
that the buildup is kept at a minimum to avoid the undesired fracture elongation. That is 
the reason behind assuming this value to be a zero for both scenarios in this particular 
case scenario. 
As discussed previously, there are two scenarios for the interaction between the 
drilling fluid solid particles. For this case study, typical values will be used for the 
required parameters for each scenario. These values are the same values used by (Morita 
et al. 2012) in their paper that discuss the closed form solution to the integral of the 
stress intensity factor. Table 3 shows theses values for each scenario. 
 
Table 3 - Input data describing the interaction between the induced fractures and 
the solid particles for the wellbore strengthening part of the model case study. 
Scenario 
Fracture Plugged at the 
Mouth (Sealed) 
Fracture Plugged at a  
Distance 
Wellbore Radius rw, inch 4.25 4.25 
Fracture Aperture Wc, inch 0.02 0.02 
Fracture Toughness kc, 
psi.inch1/2 
500 500 
Plug Placement a, inch 0 0.5 
Pressure Build up Behind 
the Plug Pbu, psi 
0 0 
 
The results from applying these parameters in the model are shown in Table 4. In 
this particular case, the model shows that the fracture-pressure gradient is enhanced by 
11% when considering the first scenario and by 3% when considering the second 
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scenario. This is of course favorable; however, it does not present a complete picture of 
the performance of the wellbore strengthening techniques.  
 
Table 4 - The initial result of the wellbore strengthening performance evaluation 
from the model case study. 
Strengthening 
Technique Scenario 
Initial Fracture 
Pressure Gradient, 
psi/ft 
New Fracture 
Pressure Gradient, 
psi/ft 
Improvement 
Percentage, % 
Sealed Fracture 
Strengthening Scenario 
0.6957 0.7723 11% 
Plugged Fracture 
Strengthening Scenario 
0.6957 0.7175 3% 
 
3.4 Parametric Analysis  
 
To examine the effect of certain parameters on the performance of the wellbore 
strengthening techniques, the model calculates the different fracture-pressure gradients 
resulting from varying the value of a single parameter while holding the other 
parameters constant. This procedure is also used to gain a more complete understanding 
of the wellbore strengthening techniques effect on the fracture-pressure gradient when 
using values that are different from the values used in the previous case study. In 
addition, this parametric analysis provides a reliable process for determining the optimal 
value for each parameter. One final and significant reason for performing this parametric 
analysis is to use the analysis as a form of validation and evaluation to the model final 
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results. There are typical trends in the fracture-pressure gradient which can be found in 
literature and published field experience. This analysis should provide a tool for a 
preliminary evaluation of the model performance and eventually highlight its 
weaknesses. 
The analysis is performed in two stages, first before and then after applying the 
wellbore strengthening techniques. In the first stage, a sensitivity analysis will be 
performed for the following parameters 
1. Poisson’s ratio 
2. Young’s modulus 
3. Wellbore placement with respect to the in-situ stresses and azimuth 
4. Wellbore section inclination and trajectory 
This is to examine their effect on the:  
1. The initial fracture-pressure gradient (gfi) 
2. The temperature-influenced fracture-pressure gradient (gfi(T)) 
3. The mud filtrate-influenced fracture-pressure gradient (gfi(q)) 
4. The combined temperature and mud filtrate- influenced fracture-pressure gradient 
(gfi(qT)).  
In the second stage, a sensitivity analysis will be performed for the following 
selected parameters that include the parameters used to describe the nature of interaction 
between the drilling fluid solid particles:  
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1. Poisson’s ratio 
2. Young’s modulus 
3. Wellbore placement with respect to the in-situ stresses and azimuth 
4. Wellbore section inclination and trajectory 
5. Wellbore diameter 
6. Fracture aperture 
7. Fracture toughness 
8. Plug placement 
9. Fracture-pressure buildup 
In this stage, the following will be examined: 
1. Initial fracture-pressure gradient, gfi 
2. Wellbore strengthening influenced fracture-pressure gradient, gfFS 
3. Temperature and wellbore strengthening influenced fracture-pressure gradient, gfFS(T) 
4. Mud filtrate and wellbore strengthening influenced fracture-pressure gradient, gfFS(q) 
5. Temperature, mud filtrated and wellbore strengthening combined influenced 
fracture-pressure gradient, gfFS(qT) 
 
3.4.1 First Stage Parametric Analysis  
The purpose of this stage is to gain a better understanding of the effect of the 
selected parameters on the model results before taking into consideration the effect of 
the fracture and particle interaction. Comparing the results produced in this stage to the 
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results produced in the next stage will be beneficial to the process of strengthening 
candidate selection. This is because the comparison will highlight the main 
characteristics of a well that has the potential to undergo a successful strengthening 
treatment.  
3.4.1.1 First stage Poisson’s ratio analysis  
The first sensitivity analysis is performed to examine the change in the fracture-
pressure gradients as the Poisson’s ratio value is varied. Poisson’s ratio is one of the two 
parameters that govern the formation rock mechanical response to applied stress in the 
model along with the Young’s modulus. Considering that the definition of the Poisson’s 
ratio is “the ratio of lateral expansion to longitudinal contraction for a rock under a 
uniaxial stress condition." (Fjaer et al. 2008), the model uses this parameter to translate 
the formation rock response to the combined effect of the in-situ stresses and the 
existence of a wellbore. The model also uses this parameter to translate the formation 
rock response to changes in effective stress as a result of the temperature variation or 
mud filtration. The sensitivity analysis is performed over a range of Poisson’s ratio 
values commonly encountered in formations as shown in Table 5. The result of the 
Poisson’s ratio sensitivity analysis using the model is shown in Fig. 29. 
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Table 5 - The range of Young's modulus and Poisson's ratio used for the 
parametric analysis (Fjaer et al. 2008).  
Rock Type 
Young's Modulus 
psi 
Poisson's Ratio 
Unconsolidated Sand 1.45E+03-1.45E+04 0.45 
Sandstone 1.45E+04-4.35E+06 0-0.45 
Clay 8.70E+03-2.18E+04 0.4 
Shale 5.80E+04-1.02E+07 0-0.3 
High Porosity Chalk 7.25E+04-7.25E+05 0.05-0.35 
Low Porosity Chalk 7.25E+05-4.35E+06 0.05-0.3 
Basalt 7.25E+06-1.45E+07 0.2-0.3 
Granite 7.25E+05-1.23E+07 0.1-0.34 
Dolomite 1.45E+06-1.45E+07 0-0.5 
Limestone 2.90E+05-1.45E+07 0-0.3 
Gneiss 5.80E+06-1.45E+07 0.1-0.3 
Marble 7.25E+05-1.31E+07 0-0.3 
 
 
Fig. 29 - The results of the Poisson's ratio first stage parametric analysis showing a 
decrease in the fracture gradient with the increasing Poisson’s ratio values. 
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The same trend is shown by all of the different fracture-pressure gradients 
calculated. At lower Poisson’s ratio values, the gradients exhibit higher values. The 
gradient values decrease as the Poisson’s ratio value increases until the gradient values 
reach a plateau. The reason for this trend is that the Poisson’s ratio plays a predominant 
role in translating the formation rock response to the combined effect of the in-situ 
stresses and the existence of a wellbore. This trend means that Poisson’s ratio is a major 
factor in determining the effect of the induced stresses on the resulting value of the 
fracture-pressure gradient. One important observation is the diminished effect of mud 
filtration as Poisson’s ratio increases. The implication of this trend is that the formation 
rock will be less affected by mud filtration at high-Poisson’s ratio values, which 
consequently will limit the detrimental effect of filtration on the fracture-pressure 
gradient at those values. On the contrary, the temperature influences increase with an 
increase in the Poisson’s ratio. This result shows that formations with a Poisson’s of 0.4 
or higher will yield better results when the formation is strengthened by heating. 
3.4.1.2 First stage Young’s modulus analysis  
Because the effect of Young’s modulus in the model is based on a single 
empirical relationship, this model is not sufficiently reliable to be used for the Young’s 
modulus sensitivity analysis. However, the analysis is performed through the model and 
the results are displayed here for two reasons. First, to gain a basic understanding of the 
types of rocks most affected by formation temperature strengthening. Second, to 
highlight this particular weakness of the model in terms of its reliance on an empirical 
relationship to show the effect of Young’s modulus.  
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As with the Poisson’s ratio analysis, the Young’s modulus analysis was carried 
out over a range of Poisson’s ratio values commonly encountered in the field as shown 
previously in Table 5. Young’s modulus is a measure of the formation rock stiffness and 
is defined as “the ratio of stress to strain for uniaxial stress." (Fjaer et al. 2008) as shown 
in Fig. 30. The result of the Young’s modulus sensitivity analysis from the model is 
shown in Fig. 31. 
 
 
Fig. 30 - The definition of the Young's modulus as the slope of the stress versus 
strain plot (Watson et al. 2003). 
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Fig. 31 - The results of the Young's modulus first stage parametric analysis showing 
an increase in the fracture gradient with the increasing Young modulus values. 
 
Because the effect of Young’s modulus in the model is based on a single 
empirical relationship, the initial and the mud filtrate-influenced fracture-pressure 
gradients are not affected by the change in Young’s modulus. The main result from this 
analysis is that rocks with higher stiffness values will yield enhanced results when 
strengthened by heating. However, it should be noted that this conclusion is not entirely 
accurate because it ignores the change in the coefficient of thermal expansion of the 
rock. 
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3.4.1.3 First stage wellbore azimuth analysis  
The next analysis focuses on the well azimuth angle. The purpose of this analysis 
is to examine the size of the drilling window in all of the possible orientations of the 
wellbore section. The results of this analysis are shown in Fig. 32. 
 
 
Fig. 32 - The results of the wellbore azimuth angle first stage parametric analysis. 
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wellbore orientation with respect to the in-situ stresses direction, it is not the best way to 
depict this effect in terms of accuracy and clarity. The preferred method is to create a 
polar plot that represents similar results in a more comprehensive fashion. The 
implications of this analysis will be discussed more thoroughly in the polar plots section. 
3.4.1.4 First stage wellbore inclination analysis  
The final sensitivity analysis at this pre-wellbore strengthening stage is the 
analysis of the wellbore section inclination angle. As discussed in the in-situ stress 
transformation section, the wellbore inclination angle is defined as the deviation of the 
wellbore from the maximum in-situ stress, which is the vertical overburden stress in this 
case. The results of this analysis are shown in Fig. 33. 
 
 
Fig. 33 - The results of the wellbore inclination angle first stage parametric analysis 
showing a decrease in the fracture gradient with the increasing inclination angle. 
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The different fracture-pressure gradient trends show that the changing wellbore 
inclination angle is greatly affected by the orientation of the in-situ stresses. As 
expected, the fracture gradients show a substantial decrease at the higher inclination 
angles. The decrease continues until the fracture gradients reach their minimum value at 
the horizontal wellbore. This result is typical as the horizontal sections of a well show a 
narrower drilling window, frequent lost circulation and hole stability problems due to the 
reduced fracture pressure. In this particular case, the gradients show a very slight and 
practically insignificant but interesting increase as the wellbore inclination shifts from 
the vertical to approximately 29o where they reach their maximum value. Fig. 34 shows 
a magnified version of that trend. 
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Fig. 34 - A magnified section of the graph of the results of the wellbore inclination 
angle first stage parametric analysis showing a slight increase in the fracture 
gradient with the increasing inclination angle. 
 
The declining fracture gradient at high-inclination angles is the result of the 
vertical overburden stress. In vertical wells, the wellbore axis is aligned with the 
direction of the vertical overburden; therefore, the overburden does not contribute to 
wellbore-induced stresses as significantly as the two horizontal stresses. This conclusion 
means that the stress anisotropy is based on the difference between the two horizontal 
stresses in vertical sections. On the other hand, in inclined and horizontal wells, the 
overburden effect increases because it creates a larger stress anisotropy on the wellbore 
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as described previously in Fig. 4. The result of that trend is a decrease in fracture 
pressure.  
The slight increase in the fracture gradients, which is around 0.0035 psi/ft in this 
particular case, at the beginning of the inclination is more complicated. A possible 
explanation is that the stress anisotropy changes favorably at the beginning of the 
inclination because the contribution of the overburden stress is still minimal compared 
with the two horizontal stresses. This favorable change in stress anisotropy continues 
until the inclination angle reaches a critical value, which is approximately 29o in this 
case. At this critical value, the fracture gradient reaches its maximum value. This critical 
inclination angle can be used to adjust the trajectory of a well to avoid exceeding this 
inclination if possible in problematic sections such as depleted formations where lost 
circulation and hole stability are concerns. 
The conclusion of the parametric analysis at this stage is that the type of 
formation   producing the widest drilling window is one with a low-Poisson’s ratio and 
high-Young’s modulus. This conclusion means, according to the values displayed in 
Table 4, that shale is least favorable option, while limestone is the most favorable. From 
the operational perspective, to maximize the fracture gradient through adjusting the well 
trajectory, optimally the suspect region will be drilled at a 29o inclination. This type of 
analysis can be carried out for any well during the well planning phase to evaluate 
whether applying these parameters is an economically sound decision. 
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3.4.2 Second Stage Parametric Analysis  
The purpose of performing sensitivity analysis in the second stage is to examine 
the effect the different parameters have on the performance of the stress-related wellbore 
strengthening techniques. The same parameters used in the previous stage will be used in 
this analysis in addition to the parameters describing the interaction between the fracture 
and the mud solid particles. This analysis will help define the optimum value for each 
parameter to achieve the best possible result from the formation strengthening process. 
3.4.2.1 Second stage Poisson’s ratio analysis  
The first sensitivity analysis is focused on the Poisson’s ratio. The analysis was 
performed over the same range described in the previous stage, and the results of this 
analysis for the two wellbore strengthening scenarios described in Fig. 20 and Fig. 21 
are shown in Fig. 35 and Fig. 36. The initial fracture-pressure gradient is shown with 
formation strengthening gradients to illustrate the contrast in the effect of the Poisson’s 
ratio on the gradients before and after applying the formation strengthening technique. 
84 
 
 
Fig. 35 - The results of the Poisson's ratio second stage sealed fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing Poisson’s ratio values. 
 
 
Fig. 36 - The results of the Poisson's ratio second stage plugged fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing Poisson’s ratio values. 
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The model shows that the Poisson’s ratio effect on the gradients is reversed after 
applying both of the strengthening techniques. As discussed in the previous stage, in the 
model, Poisson’s ratio translates the axial induced stresses into the transverse direction, 
which means it translates the axial- and the tangential-induced stresses into a direction 
perpendicular to the respective stresses. That result explains why the fracture gradient 
decreases as Poisson’s ratio increases because this conversion is reduced at higher 
Poisson’s ratio values, leading a decrease in fracture resistance. After applying the 
strengthening technique, this process is reversed. In the wellbore strengthening case, the 
reversal occurs when the radial load is now acting on the sand face tangentially due to 
the intentional plugging of the fracture by the solid particles. The load reversal process is 
illustrated in Fig. 37. Another very important finding is that in this stage, the Poisson’s 
ratio controls the fracture length and aperture. A higher Poisson’s ratio leads to larger 
fracture aperture, which will lead to a more substantial enhancement of the tangential 
stress. This means that even though the low Poisson’s ratio will produce the most 
favorable fracture gradient, a rock with a high Poisson’s ratio has the most to gain from a 
strengthening technique. As a result of the enhancement of the tangential stress, higher 
fracture pressure will now be required to overcome the enhanced tangential stress and 
initiate a new fracture. Also, the higher values of Poisson’s ratio lead to a smaller 
fracture length, which is the main reason supporting the importance of arresting the 
fracture length. The fracture length is arrested in several techniques such the “stress 
cage” method through limiting the “designer mud” filtration volumes and applying the 
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techniques in sufficiently permeable formations where the excess filtration will dissipate 
into the formation pores instead of elongating the fracture. 
 
 
Fig. 37 - The illustration of the load reversal after applying the wellbore 
strengthening technique due to the action of the Poisson ratio. 
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3.4.2.2 Second stage Young’s modulus analysis  
The next analysis is performed for the Young’s modulus over the same range 
specified in the pre-wellbore strengthening stage. The results of this analysis for two 
wellbore strengthening scenarios are shown in Fig. 38 and Fig. 39. 
 
 
Fig. 38 - The results of the Young's modulus second stage sealed fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing Young modulus values. 
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Fig. 39 - The results of the Young's modulus second stage plugged fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing Young modulus values. 
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introduced to the model as an independent user input. However, the supplied fracture 
geometry parameters are expected to be based on actual measurement specific to the 
formation rock that includes the influence of the Young’s modulus. Therefore, assuming 
favorable fracture geometry, higher Young’s modulus will result in a higher fracture 
gradient. 
3.4.2.3 Second stage wellbore inclination analysis  
The third sensitivity analysis is focused on the wellbore section inclination angle. 
The results of this analysis for two wellbore strengthening scenarios are shown in Fig. 
40 and Fig. 41. The initial fracture-pressure gradient is shown in addition to the 
formation strengthening gradients to illustrate the contrast between the two stages. 
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Fig. 40 - The results of the wellbore inclination angle second stage sealed fracture 
strengthening parametric analysis. 
 
 
Fig. 41 - The results of the wellbore inclination angle second stage plugged fracture 
strengthening parametric analysis. 
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When observing the trend of the different fracture gradients with the changing 
wellbore inclination in the sealed fracture strengthening scenario shown in Fig. 40, it can 
be seen that the fracture gradients all follow the predicted decreasing paths with 
increasing inclination. However, this trend reverses itself at a certain critical point, 40o in 
this case. This change in trend is caused by the change in in-situ stress anisotropy 
working in favor of the strengthening process. Another important observation is that 
when comparing the pre-wellbore strengthening or initial fracture gradient to the 
strengthened gradients, it can be seen that applying this strengthening technique at low-
inclination angles, lower than the critical point of 65o in this case, will actually be 
detrimental by reducing the fracture gradient.  
In the plugged fracture strengthening scenario shown in Fig. 41, the same trends 
are observed; however, there are two important differences. First, this strengthening 
technique begins to show beneficial results only at inclination angles greater than 75o 
compared with 65o in the sealed fracture strengthening scenario. Second, the detrimental 
effect that this strengthening technique has on the fracture gradient at low-inclination 
angles is more exacerbated when compared with the sealed fracture strengthening 
scenario. 
Based on this analysis, it can be concluded that the strengthening techniques 
discussed here are only suitable for highly inclined and horizontal wellbores.  
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3.4.2.4 Second stage wellbore diameter analysis  
The fourth sensitivity analysis focuses on the wellbore section diameter. The 
results of this analysis for the two wellbore strengthening scenarios are shown in Fig. 42 
and Fig. 43. 
 
 
Fig. 42 - The results of the wellbore diameter second stage sealed fracture 
strengthening parametric analysis showing a decrease in the fracture gradient with 
the increasing wellbore diameter. 
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Fig. 43 - The results of the wellbore diameter second stage plugged fracture 
strengthening parametric analysis showing a decrease in the fracture gradient with 
the increasing wellbore diameter. 
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presented in Fig. 43, the same trend is shown. The positive effect of the strengthening 
technique will reverse itself at a smaller hole size. In this case, the strengthening 
technique will be detrimental in hole sizes of the critical vlaue 9.1-inch diameter or 
larger. The result of this analysis is that smaller borehole sizes are preferable, and in 
some occasions, essential when performing wellbore strengthening. 
3.4.2.5 Second stage fracture aperture analysis  
The fifth sensitivity analysis is that of an induced fracture aperture. The results of 
this analysis for the two wellbore strengthening scenarios are shown in Fig. 44 and Fig. 
45. 
 
 
Fig. 44 - The results of the fracture aperture second stage sealed fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing fracture aperture. 
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Fig. 45 - The results of the fracture aperture second stage plugged fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing fracture aperture. 
 
The fracture aperture is directly coupled to the enhancement of the tangential 
stress. As shown in Fig. 46, a larger induced fracture aperture will result in a larger 
enhancement of the tangential stress. The reason behind this effect is that the large 
fracture aperture will increase the load applied on the rock grains in the tangential 
direction. The increased load will push the rock grains more closely together around the 
circumference of the wellbore. As a result, the closely packed rock grains will be offer 
greater resistance to fracture initiation. Consequently, this condition will lead to a higher 
fracture gradient of the wellbore. The finite element analysis shown in Fig. 47 performed 
by (Duffadar et al. 2013) further illustrates this effect. This analysis clearly shows the 
increase of the tangential compressive stress with the increase of the fracture aperture, 
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which explains the trend shown by the fracture gradient in both strengthening scenarios. 
The sealed fracture scenario again shows the superior performance as it will start 
producing positive results at a fracture aperture of 0.015 inch or larger. The plugged 
fracture scenario requires a fracture aperture of at least 0.019 inch to produce a fracture 
gradient greater than the initial fracture gradient. 
 
 
Fig. 46 - The effect of fracture aperture and particle size on the enhancement of 
tangential stress. 
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Fig. 47 - The effect of fracture aperture and particle size on the enhancement of 
tangential stress illustrated by finite element analysis (Duffadar et al. 2013). 
 
3.4.2.6 Second stage fracture toughness analysis  
The sixth sensitivity analysis deals with the fracture toughness. The results of this 
analysis for the two wellbore strengthening scenarios are shown in Fig. 48 and Fig. 49. 
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Fig. 48 - The results of the fracture toughness second stage sealed fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing fracture toughness. 
 
 
Fig. 49 - The results of the fracture toughness second stage plugged fracture 
strengthening parametric analysis showing an increase in the fracture gradient 
with the increasing fracture toughness. 
0.68
0.73
0.78
0.83
0.88
0.93
400 900 1400 1900 2400
Fr
ac
tu
re
 G
ra
d
ie
n
t,
 p
si
/f
t
Fracture Toughness, psi.in^1/2
Sealed Fracture Strengthening
gfi
gfFS
gfFS(q)
gfFS(T)
gfFS(qT)
0.68
0.73
0.78
0.83
0.88
0.93
400 900 1400 1900 2400
Fr
ac
tu
re
 G
ra
d
ie
n
t,
 p
si
/f
t
Fracture Toughness, psi.in^1/2
Plugged Fracture Strengthening
gfi
gfFS
gfFS(q)
gfFS(T)
gfFS(qT)
99 
 
The fracture toughness in this case is the critical value of the mode I stress 
intensity factor that will lead to fracture propagation (Thiercelin et al. 1989). This 
definition is confirmed by the model response to the change in the fracture toughness 
value. In a rock with a large fracture toughness value, higher loads are required to create 
a fracture; hence, the increasing fracture gradients with the increasing fracture 
toughness. 
3.4.2.7 Second stage fracture plug placement analysis  
The seventh sensitivity analysis is focused on the fracture plug placement. The 
result of this analysis is shown in Fig. 50. 
 
 
Fig. 50 - The results of the fracture plug placement second stage plugged fracture 
strengthening parametric analysis showing a decrease in the fracture gradient with 
the increasing fracture plug placement. 
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 The placement of the drilling fluid plugging particle in the fracture is a major 
factor in determining the results of a fracture-related wellbore strengthening technique. 
From the previous analyses, it is clear that a fracture plugged at the mouth leads to 
improved wellbore strengthening. There are many factors that determine the placement 
of a fracture plug, including but not limited to the following: 
1. Size of the designed solid plugging particle 
2. Induced fracture aperture 
3. Induced fracture length 
4. Designer mud filtration rate 
5. Magnitude of the wellbore overbalance pressure 
 There is no analytical solution available for determining the influence these 
factors have on the plugging particle placement However, there are many experimental 
studies done to examine the effect of these factors. One of the most prominent and 
common study is the study of the influence of the size distribution of the bridging 
particles. The general goal of those studies is to select the optimum bridging particle size 
distribution to minimize formation damage (He et al. 2011; Dick et al. 2000). A more 
specific study that relates to the wellbore strengthening technique known as “the stress 
cage” (Aston et al. 2004) uses a “designer mud” to create bridging particles at the 
fracture mouth. The reason for selecting this placement of the bridging particles is clear 
when observing the analysis shown in Fig. 44. The resulting fracture-pressure gradient 
decreases as the plugging particle is placed farther from the fracture mouth.  
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One likely explanation of this relationship between the plugging particle 
placement and the fracture gradient is that the plugging particle is supposed to create 
pressure isolation between the wellbore and the fracture. Placing the plug farther from 
the fracture mouth exposes a section of the fracture to the wellbore pressure. As the plug 
placement distance increases, the length of the exposed fracture section increases, which 
will lead to poorer pressure isolation. The exposed fracture section will undergo 
continuous pressure buildup from the wellbore. The result of the pressure buildup is 
increased local pore pressure, which will have an adverse effect on the tangential stress 
enhancement. 
3.4.2.8 Second stage fracture-pressure buildup analysis 
The final sensitivity analysis deals with the fracture-pressure buildup. The results 
of this analysis for the two wellbore strengthening scenarios are shown in Fig. 51 and 
Fig. 52. 
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Fig. 51 - The results of the fracture pressure buildup second stage sealed fracture 
strengthening parametric analysis showing a decrease in the fracture gradient with 
the increasing fracture pressure buildup. 
 
 
Fig. 52 - The results of the fracture pressure buildup second stage plugged fracture 
strengthening parametric analysis showing a decrease in the fracture gradient with 
the increasing fracture pressure buildup. 
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 The pressure buildup being analyzed here is the pressure behind the plugging 
particle.  For the same reasons discussed in the effect of drilling fluid filtration and in the 
plug placement, increasing the pressure buildup will reduce the fracture gradient. The 
only difference in this case is that the permeability of the formation rock plays a major 
role. As mentioned previously, one of the main purposes of the plugging particles is to 
create pressure isolation between the wellbore and the fracture, which is why the created 
bridge should be of low permeability. However, the bridging particles will have no effect 
on the mud filtrate that preceded them to create the fracture. Excessive pressure buildup 
behind the plug will lead to an increase in the fracture elongation which is, as discussed 
preciously, not undesirable. For that reason, high-rock permeability is a requirement for 
performing this type of wellbore strengthening technique. The high-formation rock 
permeability should allow the mud filtrate to flow into the formation and the pressure 
buildup behind the fracture to dissipate. On the contrary, low-formation rock 
permeability will trap the filtrate, which will lead to two possible scenarios; i.e., either 
the filtrate will continue to elongate the fracture, or it will flow back and remove the 
plug. One solution to this issue was proposed by (Aston et al. 2007) in which the 
bridging particles solidified the fracture and adhered to the shale, preventing its removal 
by the flow back from the build pressure 
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3.4.3 Well Placement Evaluation 
  Based on the results discussed thus far, it is reasonable to conclude that the 
placement of the wellbore section with respect to the in-situ stresses is an important 
factor in determining both the size of the drilling window and the efficiency of the 
wellbore strengthening techniques that have been presented. For a certain section of a 
well where the size of the drilling window is a major concern due to various reasons 
such as low-fracture-pressure gradient resulting from reservoir depletion, adjusting the 
surface location and trajectory of the well can drastically change the size of the drilling 
window and improve the performance of the wellbore strengthening techniques. In terms 
of the model, changing the surface location or trajectory of the well is the practical way 
to adjust the value of the β angle, which specifies the deviation of the wellbore 
projection on the two horizontal stress planes from the maximum horizontal stress. For 
this purpose, polar plots were created using the model to evaluate the resulting fracture 
gradient and drilling window size over the range of possible well surface location and 
trajectory.  
The effect of β is largely overlooked in the well planning phase. In cases where 
adjusting the well surface location and trajectory is a viable option such that it will not 
compromise the target of the well or add substantial footage and cost, optimizing the 
value of β is an effective tool. The effect of β is even more predominant in wells where 
applying one of the wellbore strengthening techniques discussed is planned. To illustrate 
this effect, the model calculates the resulting fracture gradients over the 360o range of β 
and the wellbore azimuth. To achieve this goal, the model calculates the resulting 
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fracture gradient in 0.5o increments of β value while specifying the corresponding 
azimuth angle for each β increment. The model then determines the maximum resulting 
fracture gradient and uses it to calculate a parameter that can be denoted “the ease-of-
drilling fraction” as follows: 
𝐸ase of Drilling Fraction (Based on Maximum gf) =
gf
Max gf
…………...………(Eq. 3.1) 
The value of this fraction is plotted in polar coordinates with the corresponding 
azimuth angle to show the direction that will yield the largest possible drilling window 
or the direction that provide the easiest drilling path; hence, the name ease-of-drilling 
fraction and plot. However, by using this fraction, two polar plots based on two different 
types of fracture gradient (e.g., non-strengthened gradient and strengthened gradient) 
cannot be compared  with each other to  determine which type of fracture-pressure 
gradient  provides the wider drilling window in a certain direction.  For that reason, the 
model also calculates the ease-of-drilling fraction with a constant reference value for all 
of the different types of fracture-pressure gradients as follows: 
Ease of Drilling Fraction (Based on C psi/ft) =
gf
C 
……………….…...…..……(Eq. 3.2) 
The reference value is selected to be equal to or greater than the maximum 
possible fracture-pressure gradient for all the different types of fracture-pressure 
gradients. This procedure will allow for a comparison between different ease-of-drilling 
polar plots, even if they are based on a different type of fracture-pressure gradient. In 
this particular case study, the value of the constant reference value C is 1. 
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The resulting plot of the maximum-based ease-of-drilling fraction for the initial 
fracture gradient (gfi) is shown in Fig. 53. 
 
 
Fig. 53 - The resulting ease of drilling plot based on a maximum gradient for the 
initial fracture pressure gradient. 
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The original drilling path set for this case is at 88o azimuth. Adjusting the well surface 
location and trajectory will result an increase of 0.14 psi/ft in fracture gradient, which is 
a 20.4% improvement on the original fracture gradient and drilling window. Such 
improvement is sufficiently substantial to eliminate the need for other costly techniques 
aimed at tackling the issue of a narrow drilling window such as managed pressure 
drilling. The fracture gradient changes over the 360o azimuth range by a maximum 
percentage of 30.5%. This result leads to the worst case scenario in which the decision 
was made to drill the well northwest to southeast without considering the effect of β. In 
this case, the fracture gradient will decrease 0.05 psi/ft (8.4%) from the original path and 
by 0.2 psi/ft (30.5%) from the best drilling path.  The effect of the wellbore orientation, 
with respect to the in-situ stress, on the initial fracture gradient proves the significance of 
considering it in the well planning phase where the well surface location and trajectory 
are flexible.  
The resulting plot of the ease-of-drilling fraction based on the reference value of 
1 for initial fracture gradient (gfi) is shown in Fig. 54. This plot is created for comparison 
purposes with the other types of the calculated fracture gradients to be discussed later on. 
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Fig. 54 - The resulting ease of drilling plot based on a constant reference value for 
the initial fracture pressure gradient. 
 
The resulting plot of the maximum-based ease-of-drilling fraction for mud 
filtrate and temperature affected fracture gradient (gfqT) is shown in Fig. 55. 
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Fig. 55 - The resulting ease of drilling plot based on a maximum gradient for the 
mud filtrate and temperature affected fracture pressure gradient. 
 
The polar plot for the mud filtrate and temperature-affected fracture gradient 
shows the same trends and drilling paths as the initial fracture gradient polar plot. The 
only difference is the overall larger drilling window exhibited due to the combined 
positive effect of mud filtration and temperature increase. 
The resulting plot of the ease-of-drilling fraction based on the reference value of 
1 for the mud filtrate and temperature-affected fracture gradient (gfqT) is shown in Fig. 
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56. This plot is created for comparison with the other types of the calculated fracture 
gradients. 
 
 
Fig. 56 - The resulting ease of drilling plot based on a constant reference value for 
the mud filtrate and temperature affected fracture pressure gradient. 
 
The resulting plot of the maximum-based ease-of-drilling fraction for the sealed 
fracture wellbore strengthening affected fracture gradient (gfFS) is shown in Fig. 57. 
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Fig. 57 - The resulting ease of drilling plot based on a maximum gradient for the 
fracture pressure gradient after applying sealed fracture wellbore strengthening. 
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comparison further, the plot of the ease-of-drilling fraction based on the reference value 
of 1 for the same fracture gradient (gfFS) is created and shown in Fig. 58.  
 
 
Fig. 58 - The resulting ease of drilling plot based on a constant reference value for 
the fracture pressure gradient after applying sealed fracture wellbore 
strengthening. 
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Table 6 - A comparison to illustrate the varying sealed fracture wellbore 
strengthening performance in varying wellbore positions. 
Fracture Gradient Type Original Path 
Best Case 
Scenario Path 
Worst Case 
Scenario Path 
Initial Fracture Gradient (gfi), 
psi/ft 
0.6957 0.8376 0.6421 
Wellbore Strengthened 
Fracture Gradient (gfFS), psi/ft 
0.7723 0.9411 0.6537 
 
There are many important implications from this comparison. Drilling the well 
section along the initial fracture gradient best-case scenario path will lead to an initial 
fracture gradient of 0.8376 psi/ft. According to the model results, applying the wellbore 
strengthening technique to the well in this case will actually create an adverse effect 
because it will reduce the fracture gradient to 0.6537 psi/ft (22% reduction). On the other 
hand, drilling the well section along the initial fracture gradient worst-case scenario path 
will lead to an initial fracture gradient of 0.6421 psi/ft. In this case, applying the 
wellbore strengthening technique to the well will create the maximum possible and 
intended strengthening effect  because it will enhance the fracture gradient up to 0.9411 
psi/ft (46.7% increase). This comparison is represented in Fig 61. 
The role of well placement in determining the performance of the strengthening 
technique is significant to the extent that it will determine whether the technique will be 
extremely beneficial or detrimental. This comparison emphasizes the importance of 
implicating the angle β analysis and the resulting polar plots in the well planning phase 
to determine the optimum well surface location and trajectory, especially for wells 
planned to be subjected to a wellbore strengthening technique.  
114 
 
The resulting plot of the maximum-based and constant reference-based ease-of-
drilling fraction for the plugged fracture wellbore strengthening affected fracture 
gradient (gfFS)  are shown in Fig. 59 and Fig. 60 respectively. 
 
 
Fig. 59 - The resulting ease of drilling plot based on a maximum gradient for the 
fracture pressure gradient after applying plugged fracture wellbore strengthening. 
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Fig. 60 - The resulting ease of drilling plot based on a constant reference value for 
the fracture pressure gradient after applying plugged fracture wellbore 
strengthening. 
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Table 7 - A comparison to illustrate the varying plugged fracture wellbore 
strengthening performance in varying wellbore positions. 
Fracture Gradient Type Original Path 
Best Case 
Scenario Path 
Worst Case 
Scenario Path 
Initial Fracture Gradient (gfi), 
psi/ft 
0.6957 0.8376 0.6421 
Wellbore Strengthened 
Fracture Gradient (gfFS), psi/ft 
0.7175 0.8452 0.6241 
 
Based on these results, it can be concluded that applying any one of the stress-
related wellbore strengthening techniques without analyzing the well section placement 
is not a recommended practice. A well section already drilled along the path providing 
the maximum initial fracture gradient has marginal potential for improvement. In fact, 
the well path has more potential for damage because applying a stress-related wellbore 
strengthening technique could reduce the fracture gradient according to the model 
results. Stress-related wellbore strengthening techniques such as “stress cage” have 
certain requirements. Those requirements include a high-permeability formation rock 
and a specially designed drilling fluid. Analyzing the well section placement with 
respect to the in-situ stress in the well planning phase should be considered as another 
equally important requirement. This comparison is represented in Fig 61. 
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Fig. 61 - A comparison to illustrate the varying fracture wellbore strengthening 
performance in different drilling directions. 
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4. CONCLUSIONS 
 
 Several aspects of the model can be improved to yield more reliable results. The 
first area with a potential for improvement is the assumptions on which the model was 
built. These assumptions can be addressed more thoroughly on an individual basis.   
Beginning with the isothermal borehole conditions assumption, implementing a more 
complex heat conduction relationship between the drilling fluid and the formation rock 
in the model code is expected show the detailed effect of temperature change on the 
fracture gradient and on the wellbore strengthening performance over a specified period 
of time. This should result in an improvement in the use of a single correlation for that 
purpose. Likewise, the same improvement can be achieved regarding the correction for 
mud filtrate flow in the formation. More advanced hydraulic fracturing modeling 
principles are required to be added in the model code to show the detailed effect on the 
fracture gradient and on the wellbore strengthening performance over a specified period 
of time. 
Investigating the nature of the tangential stress enhancement in the wellbore 
strengthening techniques using computer aided design software is an another topic 
recommended for future research. Through the use of suitable software, the effect on the 
tangential stress when the fracture is propped or sealed by different particles varying in 
size, placement within the fracture, and the nature of their interaction with rock can be 
monitored to obtain a better understanding of the actual mechanisms behind the wellbore 
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strengthening effect. This approach can help in determining the more likely cause of the 
strengthening from two possible explanations. The first of the two explanations is that 
the strengthening is purely due to an enhancement of the tangential stress. The second 
explanation is that the strengthening is due to sealing or propping the fracture and which 
renders initiating a new fracture a more challenging task, effectively working as a lost-
circulation material. Gaining this understanding will help in deciding whether applying a 
wellbore strengthening technique or protecting the tangential stress from wellbore flow 
and other disturbances is a more viable direction of action.   
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NOMENCLATURE 
 
𝐴 = Area, ft2 
a = Plugging particle placement depth in the fracture, inch 
[C] = The resultant transformation matrix of the second order transformation for a 
Cartesian tensor, dimensioless 
[Cx] = Rotation matrix about the x-axis by a constant angle, dimensionless 
[Cy]  = Rotation matrix about the y-axis by a constant angle, dimensionless 
[Cz]  = Rotation matrix about the z-axis by a constant angle, dimensionless 
E = Young’s modulus, psi 
ECD = Equivalent Circulation Density, ppg 
F1(s) = First function of the ratio of fracture length to fracture length and wellbore 
radius, dimensionless 
Fo(s) = Second function of the ratio of fracture length to fracture length and wellbore 
radius, dimensionless 
Fλ(s) = Function of stress anisotropy and the ratio of fracture length to fracture length 
and wellbore radius, dimensionless 
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Fx1 = Forces resulting from normal and shear stresses acting in the direction of the 
rotated axis x1 for principle plane stresses determination, lb 
Fy1 = Forces resulting from normal and shear stresses acting in the direction of the 
rotated axis y1 for principle plane stresses determination, lb 
gf = The fracture pressure gradient, pis/ft 
gfi = The initial undisturbed fracture pressure gradient, pis/ft 
gfi(T) = The temperature influenced fracture pressure gradient, pis/ft 
gfi(q) = The mud filtrate influenced fracture pressure gradient, pis/ft 
gfi(qT) = The temperature and mud filtrated combined influenced fracture pressure 
gradient, pis/ft 
gfFS = The wellbore strengthening influenced fracture pressure gradient, pis/ft 
gfFS(T) = The temperature and wellbore strengthening influenced fracture pressure 
gradient, pis/ft 
gfFS(q) = The mud filtrate and wellbore strengthening influenced fracture pressure 
gradient, pis/ft 
gfFS(qT) = The temperature, mud filtrated and wellbore strengthening combined influenced 
fracture pressure gradient, pis/ft 
H = Length of the hypotenuse, ft 
kc = Fracture toughness, psi.inch1/2 
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L = Total length of plug placement, fracture length, and wellbore radius, inch 
Pbu = Build up pressure in the fracture, psi 
Pf−enhanced = Enhanced wellbore fracture pressure, psi 
Pp = Pore pressure, psi 
Pw = Wellbore pressure, psi  
r = Radial distance from the wellbore axis, inch 
rw = Wellbore radius, in 
s = Ratio of fracture length to fracture length and wellbore radius, dimensionless 
Tdrilling fluid = Temperature of the drilling fluid, F
o 
Tformation = Temperature of the formation, F
o 
v = Poisson’s ratio, dimensionless 
Wc = Fracture aperture, inch 
α = Biot’s constant, dimensionless 
αT = Coefficient of thermal expansion, in/(in-F
o) 
β = Wellbore projection angle on the horizontal stresses plane, degree 
∆L = Fracture length, inch 
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∆σte (q)= Change of the effective tangential stress due to an overbalance in pressure and 
continuous flow, psi 
∆σte (T)= Change of the effective tangential stress due to temperature variations, psi 
γ = Wellbore inclination angle, degree 
λ = Stress anisotropy ratio, dimensionless 
ω = Build up pressure to the minimum principle stress ratio, dimensionless 
σ = Normal stress, psi 
[σ] = The stresses in the original coordinate system matrix, psi 
[σc] = The resulting transformed stresses in the wellbore reference coordinate system 
matrix, psi 
σ1 = Maximum wellbore principle plane stress acting perpendicularly on the 
fracture plane, psi 
σ2 = Minimum wellbore principle plane stress acting parallel on the fracture plane, 
psi 
σ3 = Third wellbore principle plane stress acting radially on the fracture plane, psi 
σe = Effective normal stress, psi 
σH = Maximum horizontal stress, psi 
σh = Minimum horizontal stress, psi 
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σr = Radial induced wellbore stress, psi  
σt = Total tangential induced wellbore stress, psi 
σt1 = First component of the tangential induced wellbore stress, psi 
σt2 = Second component of the tangential induced wellbore stress, psi 
σt3 = Third component of the tangential induced wellbore stress, psi 
σV = Vertical stress, psi 
σx = Normal stress in the x-axis direction of the wellbore reference coordinates, psi 
σx1 = Normal stress in the direction of the rotated axis x1 for principle plane stresses 
determination, psi 
σy = Normal stress in the y-axis direction of the wellbore reference coordinates, psi 
σy1 = Normal stress in the direction of the rotated axis y1 for principle plane stresses 
determination, psi 
σz = Normal stress in the z-axis direction of the wellbore reference coordinates, psi 
σzz = Axial induced wellbore stress, psi 
τ = Shear stress, psi 
τrt = Radial-tangential induced shear stress acting on the axial-tangential (σr-σt) 
stresses planes, psi 
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τrzz = Radial-axial induced shear stress acting on the axial-tangential (σr-σzz) stresses 
planes, psi 
τtzz = Tangential-axial induced shear stress acting on the axial-tangential (σzz-σt) 
stresses planes, psi 
τyz = Shear stress on the yz plane of the wellbore reference coordinates, psi 
τxz = Shear stress on the xz plane of the wellbore reference coordinates, psi 
τxy = Shear stress on the xy plane of the wellbore reference coordinates, psi 
τx1y1 = Shear stress on the x1y1 plane of the rotated coordinates for principle plane 
stresses determination, psi 
θ = Wellbore circumferential position angle, degree   
θc = Critical wellbore circumferential position angle, degree   
ξ = Angle of deviation from the wellbore axis, degree  
ξp = Angle of deviation of the principle or fracture plane from the wellbore axis, 
degree 
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